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PRELIMINARY DETERMINATION OF SPACECRAFT  TRAJECTORIES 

USING ON-BOARD OPTICAL MEASUREMENTS 

John D.  McLean 

Ames Research  Center 

S W R Y  

Th i s   r epor t   dea l s   w i th   t he   p rob lem  o f   de t e rmin ing   t he   t r a j ec to ry   o f  a 
spacec ra f t  from  on-board  optical  measurements  without a p r i o r i   i n f o r m a t i o n .  
Only s u f f i c i e n t   i n f o r m a t i o n   t o   d e t e r m i n e   t h e   t r a j e c t o r y  i s  used,  and it i s  
assumed t h a t   t h i s   p r e l i m i n a r y  estimate w i l l  be  improved l a t e r  by the   u se   o f  
d i f f e r e n t i a l   c o r r e c t i o n s  and  redundant  data. 

Five  basic   types  of   measurements ,   represent ing  instruments   considered 
f e a s i b l e   o r   w i t h i n   t h e  s t a t e  o f   t he  a r t ,  a re   cons idered .  The e f f ec t s   o f   r an -  
dom and b i a s   t y p e  measurement e r r o r s  and i n t e r p o l a t i o n   e r r o r s   a r i s i n g  from 
nonsimultaneous  measurements  are  analyzed. Only o b s e r v a t i o n s   o f   t h e   c e n t r a l  
body  and two stars are   cons idered .  

Wi th in   ce r t a in   l imi t a t ions  a l l  f i v e  measurement types w i l l  g ive  
s a t i s f a c t o r y   r e s u l t s .  Two impor t an t   f ac to r s  are the   p roper   choice  of stars 
and t h e   c a l i b r a t i o n   f o r   e l i m i n a t i n g   b i a s   e r r o r s .  The e r r o r s   f o r   f o u r   t y p e s   o f  
measurements are   s t rongly  dependent  on t h e   r e l a t i v e   l o c a t i o n   o f   t h e   p r o j e c t i o n  
o f   t h e   r a d i u s   v e c t o r  from t h e   v e h i c l e   t o   t h e   c e n t r a l  body on to   t he   p l ane  
formed  by t h e   u n i t   v e c t o r s   d i r e c t e d  from t h e   c e n t r a l  body  toward t h e  two s tars .  
The choice  of  stars i s  great ly   enhanced by allowing  measured  angles as l a r g e  
as go", s u b s t a n t i a l l y   l a r g e r   t h a n   t h e   p r e s e n t   s t a t e  of t h e  a r t .  I r r ad iance  i s  
a major   source   o f   b ias   e r ror ,   and   every   e f for t   should   be  made t o   c o r r e c t   f o r  
it; even a crude  correct ion  would  be  helpful .  

The  random posi t ion  error   can  be  approximated by t h e   r a d i a l   e r r o r  from a 
single  subtense  angle  measurement,   and  the  accuracy of th i s   approximat ion  
increases  with  range  from  the  central   body.  This  approximation  can  be  used  to 
show t h a t   w i t h i n   t h e   p r e s e n t  s ta te  of   the a r t ,  t he  maximum d i s t a n c e  from t h e  
c e n t r a l  body a t  which the  measurements  considered  in  the  study would  be  useful 
i s  about 200 t imes i t s  r a d i u s .  The usefulness  of  the  methods a t  ranges  of 
l e s s   t han  fl times the   r ad ius   o f   t he   cen t r a l   body ,   wh i l e   t heo re t i ca l ly  
p o s s i b l e ,  i s  o f   q u e s t i o n a b l e   p r a c t i c a l i t y .  

INTRODUCTION 

Many naviga t ion   schemes   requi re   an   in i t ia l  estimate o f   t h e   t r a j e c t o r y  
and   use   very   sophis t ica ted   da ta   p rocess ing   techniques .  Such  systems are sub- 
j e c t   t o   p a r t i a l   f a i l u r e s ,   w h i c h ,  i f  not   discovered  immediately,  make t h e  
informat ion   in   the   on-board   computer   use less .  I t  i s  t h u s   e s s e n t i a l   t o   h a v e  



a v a i l a b l e  a simple  back-up  navigation. scheme t h a t  can  determine  an  orbi t   to  
a reasonable   accuracy  with no a p r i o r i   i n f o r m a t i o n .  

So far ,  s t u d i e s  of back-up  navigation  methods  have  concentrated on the  
use  of manual  computations  and on t h e   c a l c u l a t i o n   o f   p e r i g e e   a l t i t u d e   ( e . g . ,  
refs. 1 and 2 ) .  A more desirable  system,  however,  would cons ider  a l l  elements 
of   the   t ra jec tory .   Reference  3 descr ibes   such  a system,  which i s  des igned   fo r  
n e a r - e a r t h   o r b i t s  of  very small eccent r ic i ty .   This   approach   uses  manual ca l -  
cu la t ions  and a l a r g e  amount o f  precomputed  graphical  data.   For more genera l  
app l i ca t ions ,   such  as lunar  and i n t e r p l a n e t a r y   t r a j e c t o r i e s ,   g r e a t e r   a c c u r a c y ,  
i n  t e rms   o f   s ign i f i can t   f i gu res ,  i s  r equ i r ed ,  and it  appea r s   imprac t i ca l   t o  
ob ta in   th i s   accuracy   wi thout   the   use   o f   redundant   da ta .  

The approach  used i n   t h i s   s t u d y  i s  the  same as   t ha t   u sed  by astronomers 
in   de t e rmin ing   t he   o rb i t  of a newly discovered  body.  That i s ,  a pre l iminary  
e s t i m a t e   o f   t h e   t r a j e c t o r y  i s  made us ing   on ly  enough da ta   t o   de t e rmine   t he  
p o s i t i o n  and v e l o c i t y   v e c t o r s  a t  a given time. The estimate i s  then  improved 
by the   use   o f   redundant   da ta  from add i t iona l   obse rva t ions .   Th i s   t echn ique  
does  not   require   any  greater   accuracy  in   measurements   but  i t  does   r equ i r e   t he  
use  of a small automatic  computer. 

This   repor t  is  concerned  with  the f i r s t  pa r t   o f   t he   p rob lem,   t ha t  i s ,  
with a p re l imina ry   de t e rmina t ion   o f   t he   t r a j ec to ry ,   o r ,   i n   o the r   words ,   t he  
p o s i t i o n  and ve loc i ty   vec to r s   o f   t he   spacec ra f t  a t  some given  t ime. The 
d e t e r m i n a t i o n   o f   v e l o c i t y   c o n s i s t s   e s s e n t i a l l y   i n  making  two p o s i t i o n   f i x e s  
and t h e n   i n t e r p o l a t i n g   t o   f i n d   p o s i t i o n  and v e l o c i t y  a t  some in te rmedia te  
time 

Hamer and Mayo ( r e f .  4 )  repor ted  on the   accuracy   of   ob ta in ing   pos i t ion  
f ixes   u s ing  a number of   different   combinat ions  of   s imultaneous on-boa-rd mea- 
surements   inc luding   radar   ranging .   This   repor t   p resents  a more d e t a i l e d   e r r o r  
ana lys i s  of s e v e r a l   p o s s i b l e  methods t h a t  require  fewer  measurements  and 
inc lude  some p r a c t i c a l   c o n s t r a i n t s .   T h i s   a n a l y s i s  i s  c a r r i e d  o u t  by the  
l inear   per turba t ion   method,  which Hamer and blayo have shown t o  be   va l id   fo r  
f a i r l y   l a r g e   e r r o r s   i n   t h e   t y p e  o f  measurements  considered. 

Only op t i ca l   obse rva t ions  of two s ta rs  and t h e   c e n t r a l   a t t r a c t i n g  body 
involving  measured  angles no g rea t e r   t han  90" are cons ide red .   F ive   d i f f e ren t  
types  of  measurements  are  investigated.  The ins t ruments   used   a re   e i ther  
w i t h i n   t h e   p r e s e n t   s t a t e   o f   t h e   a r t  o r  a r e   c o n s i d e r e d   t o   b e   p o t e n t i a l l y   f e a s i -  
b l e .   I n  some cases  a comple te   pos i t ion   f ix   cannot   be  made with a s i n g l e  
observa t ion ,  and i t  i s  t h e n   n e c e s s a r y   t o   r e f e r   t h e   d a t a   t o  a common epoch  by 
i n t e r p o l a t i o n .  The r e p o r t   c o n s i d e r s   e r r o r s   d u e   t o   i n t e r p o l a t i o n  as we l l  as t o  
measurement inaccuracy.  

S ince   t he   ve loc i ty  i s  de te rmined   d i rec t ly   f rom  pos i t ion- f ix   da ta ,  most of 
the   e r ror   ana lys i s   dea ls   wi th   the   accuracy  of  p o s i t i o n   f i x e s ,  and t h e   e r r o r s  
in   de te rmining   the   cor responding   ve loc i t ies   requi re   on ly  a b r i e f   t r ea tmen t .  
The ob jec t   o f   t he   e r ro r   ana lys i s  i s  to   de t e rmine   whe the r   t he   p re l imina ry   e s t i -  
mate   o f   the   t ra jec tory  i s  accura te  enough to   a l low  the   u se   o f   l i nea r   pe r tu rba -  
t ion  theory  to   process   subsequent   redundant   data   for   improving  the  es t imate .  

2 



I t  i s  d i f f i c u l t   t o   a s s i g n  numbers t o   s u c h  an   accuracy   c r i te r ion   s ince   the  
e r r o r s   i n   t h e   l i n e a r   p e r t u r b a t i o n   t h e o r y  depend upon t h e  time before   addi -  
t i o n a l   d a t a  are acqui red   and   the   na ture  of t h e   t r a j e c t o r y  as well as t h e  
e r r o r s   i n   t h e   p r e l i m i n a r y  estimate. In  most cases, however, the   p re l iminary  
es t imate   should   be   accura te  enough i f  the  magnitude of t h e   e r r o r s   i n   p o s i t i o n  
and ve loc i ty   do   no t   exceed  2 o r  3 percen t  of t he   magn i tudes   o f   t he   t o t a l  
p o s i t i o n  and v e l o c i t y ,   r e s p e c t i v e l y .  

DESCRIPTION OF MEASUREMENTS 

The measuring  instruments   for  a back-up  navigation  system  should  be 
s imple   and   r e l i ab le ;   t he re fo re ,   on ly   op t i ca l   i n s t rumen t s   have   been   cons ide red .  
In   addi t ion ,   on ly   observa t ions   o f  two stars and t h e   c e n t r a l  body  were  used i n  
order   to   s impl i fy   the   measurements  and  computations.   Triangulation  of two 
c e l e s t i a l   b o d i e s ,  which usua l ly   g ives   the   range  more accurately  than  the  cen-  
t r a l  body sub tense   ang le   ( r e f .  4) ~ was excluded.  This was done  because  of  the 
number of  measurements r equ i r ed  and t h e   d i f f i c u l t y  of i n t e r p o l a t i o n  i f  t h e  
necessary  angles  cannot  be  measured  simultaneously.  

The e r r o r   a n a l y s i s  methods   descr ibed   la te r   in   the   repor t  are v a l i d   f o r  
angles  as l a r g e  as 180'  between t h e  two s t a r s  and  between  each star and t h e  
center  of  the  central  body.  For  the  computation  of  data,  however,  these 
angles   were   res t r ic ted   to   magni tudes   o f  90' o r   l e s s ,   g i v i n g  90' t o t a l   f i e l d   o f  
v i ew.   Th i s   r e s t r i c t ion  i s  r easonab le   s ince  i t  can  be shown t h a t  i f  stars a r e  
a v a i l a b l e  anywhere wi th in   t h i s   a l l owab le  measurement  range,  then  accuracy will 
not  be  improved by i n c r e a s i n g   t h i s  measurement range.  Angles up t o  90" a r e  
included  for  completeness,   even  though  this limit i s  beyond t h e   p r e s e n t   s t a t e  
of   the a r t .  For  example,  the  Apollo  and Gemini s p a c e c r a f t  windows r e s t r i c t  
the  angles   measured  with  the  hand-held  sextant   ( ref .  5 ) ,  t o   b e   w i t h i n  a f i e l d  
of view of  about 5 0 ' .  The Apollo  space  sextant  can  measure  angles up t o  57O 
from t h e   p r i n c i p a l   a x i s   t o   g i v e  a f i e l d   o f  measurement  of 1 1 4 O .  Even s o ,   t h e  
fac t  t h a t   t h e  measured  angles  cannot  exceed 57' p revents   the   use   o f  many p a i r s  
of stars wi th in   t he   f i e ld   o f   v i ew.  

Def in i t ion   o f   Var iab les  

We wish t o   d e t e r m i n e   t h e   p o s i t i o n  of t h e   s p a c e c r a f t   i n  a Car tes ian  
coord ina te   sys tem  having   the   o r ig in  a t  t h e   c e n t e r   o f   t h e  dominant a t t r a c t i n g  
body.  However, for   convenience we w i l l  t r a n s l a t e   t h e   o r i g i n  from t h e   c e n t r a l  
body t o   t h e   s p a c e c r a f t  as shown i n   f i g u r e  1. The v e c t o r  7 i n   t h e   f i g u r e  i s  
t h e   p o s i t i o n   v e c t o r   o f   t h e   p l a n e t 1   w i t h   r e s p e c t   t o   t h e   s p a c e c r a f t  and i s  t h e  
n e g a t i v e   o f   t h e   d e s i r e d   p o s i t i o n   v e c t o r .  

l In   t he   r ema inde r   o f   t he   r epor t   t he  word "planet" will b e   u s e d   t o  refer 
t o   t h e   c e n t r a l   a t t r a c t i n g  body  even  though t h a t  body  might  actually  be  the 
Sun o r  Moon. 
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For  convenience  the  coordinate  
system  used will be a Car tes ian   sys-  
tem as fo l lows:  The p o s i t i v e  X 
a x i s  l ies  i n   t h e   d i r e c t i o n   o f  s tar  
number 1, whi l e   t he  Y a x i s  i s  i n  
t h e   p l a n e   o f   t h e  two stars, normal 
t o   t h e  X a x i s  and p o s i t i v e  when on 
t h e  same s i d e   o f   t h e  X a x i s  as 
star number 2 .  The Z a x i s  com- 
p l e t e s  a r ight-handed  or thogonal  
sys tem.   This   repor t   dea ls   on ly   wi th  
f ind ing  ? i n   t he   coord ina te   sys t em,  
but   the   coord ina tes   can   be   t rans-  
formed r e a d i l y   i n t o  any i n e r t i a l  
sys t em  in  which t h e   d i r e c t i o n s   o f  
t h e  stars a r e  known. 

/ 

X' 
The angles  RA and D i n  

f i g u r e  1 a r e ,   r e s p e c t i v e l y ,   t h e  
r igh t   a scens ion   o f   t he   p l ane t  mea- 
s u r e d   i n   t h e  X-Y p lane  from t h e  

X a x i s  and i t s  d e c l i n a t i o n  above  (or  below)  the X-Y p l ane .  I t  i s  poin ted  
o u t   i n   r e f e r e n c e  4 t h a t   a n o t h e r  s ta r  must  be  observed to   avoid   ambigui ty .  The 
ambigui ty   occurs   here  as an u n c e r t a i n t y   i n   t h e   s i g n  of D ,  bu t   the   observer  
can   de te rmine   the   p roper   s ign   eas i ly   f rom  the   re la t ive   pos i t ions   o f   the   p lane t  
and t h e  two stars. ( I f  one  draws  an  arrow  from s tar  1 t o  s t a r  2 ,  D i s  
p o s i t i v e  when t h e   p l a n e t  i s  t o   t h e   l e f t   o f   t h e   a r r o w . )  

Figure 1 .- Geometry  for position fix. 

The "s ta r -center ' '   angles  $1 and $2 are measured  from stars 1 and 2 ,  
r e s p e c t i v e l y ,   t o   t h e   c e n t e r   o f   t h e   p l a n e t ,   w h i l e  S i s  def ined  as h a l f   t h e  
p lane t   subtense   angle .  

where 

The p o s i t i v e   s i g n  i s  used   fo r  yi measured t o   t h e  limb n e a r e s t   t h e  s t a r  and 
t h e   n e g a t i v e   s i g n   f o r   t h e  far limb. The angle   between  the  planes formed  by 
? and t h e   l i n e s   o f   s i g h t   t o   t h e  two stars i s  denoted  by B y  and 4 i s  t h e  
angle  between  the two stars. 

If  i~ i s  a u n i t   v e c t o r   i n   t h e   d i r e c t i o n   o f  E then  
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and 

~1 = COS RA COS D 

u2 = s i n  RA cos D 

u3 = s i n  D 

while  

r = R csc S 

where R i s  the   r ad ius   o f   t he   cen t r a l   body .  If  we normalize  by  using  the 
p l a n e t   r a d i u s  as t h e   u n i t   o f   l e n g t h ,   t h e n  R = 1 and 

r = csc S (4) 

Measuring  Instruments 

Three  general   types  of  measuring  instruments  were  considered. The f i r s t  
type  would  measure RA, D ,  and S o r  $1, $2 ,  and S s imultaneously.  The 
photographic   technique  invest igated by Walsh ( r e f .  6)  cou ld   be   u sed   fo r   t h i s  
purpose.  Walsh's  approach  uses a sextant- type  measuring  instrument   with  the 
human eye  replaced by photographic  f i l m .  S k e t c h   ( a )   i l l u s t r a t e s  one p o s s i b l e  
example of  such an in s t rumen t   fo r  two  dimensions. The s ta r  and c e n t r a l  body 
need  only  be  within a r e l a t ive ly   l a rge   f i e ld   o f   v i ew,  and the   incrementa l  
angle,  which  must  be  added t o  a ( the  angle   between  the  opt ical   axes) ,   can  be 
measured  from t h e  f i l m .  The subtense   angle   and   cen ter   o f   the   p lane t   can   be  
determined  from  the f i l m  and ,   t he re fo re ,   t he   s t a r - cen te r   ang le   can   be  measured 
d i rec t ly .   Walsh ' s   resu l t s   ind ica te   the   photographic  method t o   b e   p o t e n t i a l l y  
f e a s i b l e ,  and although  he  considered  no more than  two l i n e s   o f   s i g h t ,   t h e  
method cou ld   be   ex tended   t o   t h ree .  The th ree - l ine -o f - s igh t  method  would allow 
the  s imultaneous measurement of  S and e i t h e r  $1 and +2 o r  RA and D ,  
depending on the   conf igura t ion   of   the   ins t rument .  The l a t t e r  combination, 

Sketch  (a) 
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which could  also  be  measured by a t h e o d o l i t e  mounted on a s t a b l e   p l a t f o r m ,  
will be  used as a s t anda rd  f o i  comparison i n   t h i s   s t u d y .  

The second  type of instrument   considered is capable   of   measuring two o r  
three  angles   s imultaneously  without   the  use  of   photography.  The t r i s e x t a n t  
repor ted  on  by Novak ( r e f .  7) i s  an  example  of  such  an  instrument. The tri- 
s e x t a n t   h a s   t h r e e   l i n e s   o f   s i g h t  and t h e   p r i n c i p a l   l i n e   o f   s i g h t   h a s   ( o r   c o u l d  
have) a f i e l d   o f  view l a r g e  enough t o   o b s e r v e  a s u b s t a n t i a l   p o r t i o n   o f   t h e  
p l ane t ,   wh i l e   t he  two secondary   l ines   o f   s igh t   observe  stars. The ope ra to r  
s e t s   t h e  images  of  the stars t a n g e n t   t o   t h e   d i s k  of  t he   p l ane t   s imu l t aneous ly  

as shown in   ske t ch   (b )  . The readout  
scales on the   ins t rument   p rovide   the  
angles  yl, y2, and B. The p o r t i o n  
of   the   p lane t   be tween  the  two stars 

Fleld of vlew of prlnclpol must   be   wi th in   the   f ie ld   o f  view of  
h e  of slghi t h e   p r i n c i p a l   l i n e   o f   s i g h t ,  and t h i s  

r e q u i r e m e n t   r e s t r i c t s   t h e   p o s s i b l e  
l o c a t i o n   o f  stars when t h e   s p a c e c r a f t  
i s  n e a r   t h e   p l a n e t .   T h i s   r e s t r i c t i o n  
may be   dea l t   w i th  i n  a number of 
d i f f e r e n t  ways,  such as us ing  a 
l a r g e r   f i e l d   o f  view  and less magni- 
f i c a t i o n  a t  sho r t e r   r anges ,  and has 
not   been   cons idered   in   th i s   s tudy .  
An experimental  model of   the   Mar t in  

Sketch  (b) 
t r i s e x t a n t   h a s   b e e n   t e s t e d  a t  Ames 
Research  Center  and  found t o   b e   f e a -  

s i b l e  from the   ope ra t iona l   s t andpo in t .  However, t h i s  model was n o t   s u f f i c i -  
en t ly   accu ra t e   fo r   space   nav iga t ion ,  and the   u l t ima te   accu racy   ob ta inab le   w i th  
such  an  instrument i s  unknown. 

The third  instrument  considered,  which  measures  only- a s ing le   ang le  a t  a 
t ime,  i s  t y p i f i e d  by the   hand-he ld   sex tan t   descr ibed   in   re fe rence  5 .  Data 
obtained from the   i n s t rumen t   i n  ground t e s t s  and s p a c e   f l i g h t   ( r e f s .  5 and 8) 
were  found to   have  random e r r o r s   o f  less than  10  arc   seconds  s tandard  devia-  
t i o n .  Bias errors  ranged  in  magnitude  from 0 t o  28.7 arc  seconds,   depending 
on the  measurement  conditions.   Further  studies may l e a d   t o   t h e   r e d u c t i o n  o r  
c a l i b r a t i o n   o f   p a r t   o f   t h e   b i a s   e r r o r s .  

In  tes ts  of  instruments  such as the   hand-he ld   sex tan t  it has  been  found 
d i f f i c u l t   t o   e s t i m a t e   t h e   p l a n e t   c e n t e r   a c c u r a t e l y ,   e s p e c i a l l y  when t h e   f u l l  
d i sk  i s  not   v i s ib le .   Therefore   s ta r -center   measurements   a re   cons idered   on ly  
when photography i s  used. 

Types of  Measurements 

In   o rde r   t o   de t e rmine   t he   pos i t i on   vec to r ,  a t  least  th ree   o f   t he   ang le s  
def ined must  be known a t  a given time. The c o n s i d e r a t i o n   o f   d i f f e r e n t   p r a c t i -  
cal combina t ions   l ed   to   the   fo l lowing   f ive   types   o f   measurements .  
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T y p e  2- Simultaneous  measurement  of  the  r ight  ascension, R A Y  

dec l ina t ion ,  D,  and subtense   angle ,  2 S ,  by means of  photography  (or  an 
i n e r t i a l l y   s t a b i l i z e d   t h e o d o l i t e ) .  As will b e   s e e n   i n   t h e   s e c t i o n  on Er ro r  
Analysis Methods, t h i s  i s  the   on ly   one   o f   t he   f i ve   t ypes  of  measurements f o r  
which the   e r ro r   equa t ions   do   no t   con ta in   s ingu la r i t i e s .   The re fo re   t ype  1 
measurements  have  been  used as a s tandard  of   comparison  for   the  other   types.  

T y p e  2- Simultaneous  measurement of y1, y 2 ,  and 2s. This  measurement 
would requi re   photography,   bu t  it could  be  approximated  by  using  the  t r isex-  
t a n t   t o  measure 2S, then  y1 and  y2  simultaneously,  followed  by  another mea- 
surement  of 2s. L inea r   i n t e rpo la t ion ,   d i scussed  la ter  i n   t h e   r e p o r t ,  would 
b e   u s e d   t o   r e f e r  S t o   t h e  same epoch as y1  and  y2.  This  approximation i s  
not  analyzed. 

T y p e  3- Simultaneous  measurements  of y1, y2,  and  angle B y  between  the 
p l anes   o f   t he  two s t a r - l imb   ang le s .   Th i s   s ing le  measurement  with  the 
t r i s e x t a n t  would al low a comple t e   pos i t i on   f i x .  

T y p e  4- Simultaneous  measurement  of  one  star-limb  angle  and  the  subtense 
angle  followed by s imultaneous  measurement   of   the   other   s tar- l imb  angle   and 
the   subtense   angle  a t  a l a t e r   t i m e .   I n t e r p o l a t i o n  i s  u s e d   t o   r e f e r   t h e s e  two 
s e t s   o f  measurements t o  a common epoch.  This i s  ano the r   poss ib l e   app l i ca t ion  
o f   t h e   t r i s e x t a n t ,   o r  it could h e  done  with  the  two-l ines-of-s ight  
photographic   sex tan t   descr ibed  by  Walsh. 

W p e  5- Measurements  of  the two star- l imb  angles  and  the  subtense  angle,  
one a t  a t i m e   i n  a su i tab le   sequence ,   fo l lowed by i n t e r p o l a t i o n   t o  refer t h e  
measurements t o  a common epoch.  These  measurements,  which  could  be  performed 
wi th   the   hand-he ld   space   sex tan t   descr ibed   in   re fe rence  5 ,  c o n s t i t u t e   t h e   o n l y  
one o f   t h e   f i v e   t y p e s   t h a t  i s  t r u l y   w i t h i n   t h e   p r e s e n t  s t a t e  o f   t he  a r t .  

DETERMINATION OF POSITION AND VELOCITY 

Th i s   s ec t ion   o f   t he   r epor t   p re sen t s   t he   equa t ions   u sed   fo r   de t e rmin ing  
p o s i t i o n  and v e l o c i t y  from the  measured  angles.  The angles  RA and D a r e  
measured d i r e c t i y   o n l y   i n   t y p e  1 measurements,  and f o r   t h e   o t h e r   t y p e s   t h e  
u i   i n   e q u a t i o n  ( 3 )  must  be  expressed i n  terms  of   the  angles   (yl  , y2 ,  S o r  B) 
actually  measured. However, i t  i s  more convenient   to  combine t h e  y i  wi th  S 
us ing   equa t ion   (1 )   i n   o rde r   t o   ge t   t he   s t a r - cen te r   ang le s  +i. The r e s u l t i n g  
e q u a t i o n s   f o r   t h e   u i  and the   equat ions   for   de te rmining  S from  type 3 mea- 
surements are der ived   in   appendix  A.  Types 4 and 5 a l s o   r e q u i r e   i n t e r p o l a t i o n  
formulas   for   de te rmining   pos i t ion  and t h e s e  are der ived   in   appendix  B along 
wi th   those   used   for   de te rmining   ve loc i ty .  

The p o s i t i o n - f i x   e q u a t i o n s   f o r  a l l  types  of  measurements are summarized 
in   the   fo l lowing   paragraphs  a f t e r  which the  computat ion  of   veloci ty  i s  
d iscussed .  



Posi t ion   F ix   Equat ions  
- 

Type 1 measurements- I n   t h i s   c a s e   e q u a t i o n  (3) can  be  used  for  u whi le  
r i s  given by equat ion  (4). 

Type 2 measurements- Again, r i s  given  by  equation (4), bu t  ii i s  given 
by equat ion (A8) as 

- 
u =  

L 

(5) 

The t h i r d  component i s  e q u a l   t o   s i n  D and t h e   s i g n  i s  chosen  by t h e  method 
descr ibed  ear l ier .  

Type 3 measurements- For these   obse rva t ions  S i s  computed i n  terms of  
y1, y2, and B using  the  fol lowing  equat ion  f rom  appendix A:  

where  kl  and  k2 are def ined  by equat ion  (1) .  Once S i s  known, $1 and $2 
can  be  found  using  equation  ( l) ,  and U i s  determined by equat ion (5) .  Equa- 
t i o n  (A15) i s  a n   a l t e r n a t e   e q u a t i o n   f o r  6 

Type 4 measurements- This i s  t h e  f i r s t  c a s e   i n  which it i s  n e c e s s a r y   t o  
u se   i n t e rpo la t ion .  Measurements  of  one  star-limb  angle  and  the  subtense  angle 
a t  each  of  the times a r e   i n d i c a t e d   i n   t a b l e  1. 

TABLE 1.- REGULAR SCHEDULE FOR TYPE 4 MEASUREMENTS 
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Equation (4) can   be   used   to  compute r a t  each time i n   t h e   t a b l e   w h i l e  
equation  (1) g ives  $1 a t  t l  and t 3 and $2 a t  t 2 .  

Next  Gibb's  method  (ref. 9) i s  u s e d   f o r   i n t e r p o l a t i o n   t o   f i n d   $ l ( t 2 ) .  
The in t e rpo la t ion   fo rmula ,  der ived   in   appendix  B, i s  e q u i v a l e n t   t o   t h i r d   o r d e r  
i n  time. For convenience t 2  i s  assumed t o   b e   z e r o ,   i n  which case 

where  A(t) i s  t h e   g r a v i t a t i o n a l   f o r c e   a c t i n g  on the   spacec ra f t  a t  time t .  

A t  t imes t l  and t 3 ,  r and $1 have  been  determined so  t h a t  i f  i l  i s  
t h e   u n i t   v e c t o r   i n   t h e   d i r e c t i o n   o f  s tar  number 1 it i s  p o s s i b l e   t o  compute 

Thus equat ion (7)  can   be   u sed   t o   f i nd   cos   $ l ( t2 )  by t ak ing   t he  dot   product   of  
bo th   s ides   w i th  w1 i f  a c o n i c   t r a j e c t o r y  i s  assumed.  In t h i s  case  

and,  using  equation ( 7 ) ,  

This  approximation i s  necessary   s ince  a l l  t h r e e  components  of ? ( t )  would  be 
needed t o  compute A(t)  - f o r   t h e  n-body case.  The r e su l t i ng   expres s ion  
f o r   c o s  $1 ( t2)  i s  

I 

Since   cos   $2( t2)   and   r ( t2)   can   be  computed d i r e c t l y  from  measurements a t  t p ,  
enough information i s  a v a i l a b l e   t o  compute r ( t 2 )   u s i n g   e q u a t i o n s   ( 2 ) ,  (4), 
and (5) . 
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Type 5 measurements- I n   t h i s   c a s e  it i s  p o s s i b l e   t o  measure  only  one 
angle  a t  a time, and i t  i s  necessa ry   t o   depend   pa r t ly  on l i n e a r   i n t e r p o l a t i o n .  
E i the r   t he   r ange ,  r, o r  one o r   b o t h   o f   t h e   s t a r - l i m b   a n g l e s  may be   in te rpo-  
l a t e d ,   b u t  it w i l l  be  shown later t h a t   l i n e a r   i n t e r p o l a t i o n  i s  somewhat  more 
a c c u r a t e   f o r  r t h a n   f o r  y .  The re fo re ,   f rom  the   s t andpo in t   o f   i n t e rpo la t ion  
accu racy ,   t he   s chedu le   i n   t ab l e  2 was cons idered   bes t .  

TABLE 2 . -  REGULAR SCHEDULE FOR TYPE 5 MEASUREMENTS 
.~ ~ 

Time t 7  t 6  t 5  t 4  t 3  t 2  t l  

Angle  measured y2  S y1 S y1  S 
~- 

Linea r   i n t e rpo la t ion   g ives   t he   r ange  a t  t 2 ,  t 4 ,  and t 6  as 

Once r ( t 2 )  , r ( t4 )  , and r ( t 6 )   a r e  known, equat ion  (8) , with  the  proper   sub-  
s t i t u t i o n s   f o r   t h e  t i ,  can  be  used  to compute cos $1 ( t 4 ) .  Then cos $2 ( t4)  
i s  determined  from a d i r e c t  measurement,  and  equations ( 2 ) ,  (4), and (5) g ive  
E ( t4)  * 

The p r o c e d u r e   j u s t   o u t l i n e d   u s e s   l i n e a r   i n t e r p o l a t i o n   t o   d e t e r m i n e  r a t  
times t 2 ,  t 4 ,  and t 6 ,  a f t e r  which Gibb 's  method i s  u s e d   f o r   i n t e r p o l a t i o n   t o  
de te rmine   cos   $ l ( t4) .  Two a l t e r n a t e   s c h e d u l e s  which  use  only  l inear   inter-  
p o l a t i o n   a r e  shown i n   t a b l e  3 .  The same t ime  ind ices  are used  for  comparison 
wi th   t ab l e  2 .  For case 1 equat ion (9) i s  used t o  compute r ( t 4 )  ; y ( t )  i s  
s u b s t i t u t e d   f o r   r ( t )   i n   e q u a t i o n  (9) t o  o b t a i n   y l ( t 4 )  which  can  be  used  with 
r ( t 4 )  and ~ 2 ( t 4 )   i n   e q u a t i o n  (1) t o   g i v e  $1 (t4)  and  $2(t4).   For  case 2 equa- 
t i o n  (9) i s  used t o  compute y1 ( t4)  and y2 ( t4)  , and S ( t 4 )  i s  known from 
d i r e c t  measurement. Each o f   t hese   a l t e rna te   s chedu les   u ses   equa t ion  (9) twice ,  
whereas   the  regular   type 5 schedule   uses   equat ion (9) three  times  and  equa- 
t i o n  (8) (from Gibb 's   method)   once.   Therefore ,   the   a l ternate   schedules  
r equ i r e  less computa t ion   bu t   have   l a rge r   i n t e rpo la t ion   e r ro r s ;   t h i s  i s  because 
( t6  - t 2 )  i s  l a r g e r   t h a n   t h e  time i n t e r v a l s   u s e d   f o r   l i n e a r   i n t e r p o l a t i o n   i n  
the  regular   schedule ,   and  Gibb 's  method i s  more accu ra t e   t han   l i nea r  
i n t e r p o l a t i o n .  

TABLE 3 . -  ALTERNATE SCHEDULES FOR TYPE 5 USING ONLY 

LINEAR  INTERPOLATION 

Angle  measured, case 1 
Angle  measured, case 2 

t 2  

S 
Y 1  
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Computation of Veloc i ty  

I t  is  a well-known p r i n c i p l e   o f  ce les t ia l  mechanics t h a t  i f  t h e   p o s i t i o n  
vec tor  on  an o r b i t  i s  known a t  two d i f f e r e n t  times, t h e   v e l o c i t i e s   c a n   b e  cal- 
cu la t ed .   In   t he  two-body case th i s   de t e rmina t ion  of  v e l o c i t y  i s  known as 
Lambert's  problem,  and a number o f  methods  of  solution are i n   t h e   l i t e r a t u r e .  
However, t hese   computa t iona l   p rocedures   a r e   va l id   fo r   l a rge  time i n t e r v a l s  and 
are f a i r l y  complex.  For sho r t e r   t ime   i n t e rva l s   G ibb ' s  method  (appendix B) 
w i l l  provide a r easonab ly   accu ra t e   so lu t ion   w i th  much less   computat ion and 
a l low  the   i nc lus ion   o f   pe r tu rb ing   g rav i t a t iona l   fo rces .  

Two s e p a r a t e   s e t s  of measurements  of  any  of  the f i v e  types   a l ready  
d iscussed  will provide two independen t   pos i t i on   f i xes .  With types 4 and 5 it 
i s  a l s o   p o s s i b l e   t o   o b t a i n  two p o s i t i o n   f i x e s  by extending a single  measure- 
ment s chedu le   t o   i nc lude  one a d d i t i o n a l  measurement  each o f  a s ta r - l imb  angle  
and the   subtense   angle .  The use   o f   the  two independen t   pos i t i on   f i xes  and t h e  
extended  schedules i s  d iscussed   in   the   fo l lowing   paragraphs .  

Two independent  position  fixes- I f  E(t1)  and E (t3)  have  been  determined 
by two s e t s   o f  any o f   t h e   f i v e  measurement types ,   then   the   ve loc i ty   G( t2)  a t  
some in te rmedia te  time t 2  can  be  computed  by  Gibb's  method. I t  i s  shown i n  
appendix B t h a t  i f  it i s  assumed t h a t  t 2  = 0 ,  then 

while   E(t2)  i s  given by equat ion ( 7 ) .  These  formulas  can  also  be  used i f  t h e  
epoch t 2  i s  chosen t o  coincide  with  the  beginning  or  end o f   t h e   i n t e r p o l a -  
t i o n   i n t e r v a l  by l e t t i n g  t 2  = t l  = 0 o r  t 2  = t 3  = 0 .  I f ,   f o r  example,  the 
second  choice i s  used  equat ion (7)  r educes   t o  

F ( t2 )  = E(t3)  

and equation  (10) becomes 

The choice  of   epoch  requires   less   computat ion  but  i s  l e s s   a c c u r a t e ,  as will 
be shown i n   t h e   s e c t i o n  on Error  Analysis  Methods. 
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Extended schedules- The schedules  of  types  4 and 5 can  be  extended  to  
provide enough in fo rma t ion   fo r  computing  both E and ? from a s i n g l e  set  of 
measurements. The measurement   schedules   and  the  necessary  computat ions  for  
type  4 are shown i n   t a b l e  4. 

TABLE 4.- EXTENDED SCHEDULE FOR TYPE 4 MEASUREMENTS 
~ ~~ . .  

Time 
~- . - - 

Angles  measured 
Computed from 

measurements 
From i n t e r p o l a t i o n  

Computed from  measure( 
(eq. (8))  

and i n t e r p o l a t e d  
q u a n t i t i e s  

From i n t e r p o l a t i o n  
(eqs.  (7)  and (10)) 

" - 

t 3  

Note t h a t   t h i s  i s  e s s e n t i a l l y   t h e  same procedure as i s  used   for  two 
s e p a r a t e   p o s i t i o n   f i x e s ,   t h e   d i f f e r e n c e   b e i n g   t h a t   t h e   e x t e n d e d   s c h e d u l e   u s e s  
some of  the  measured  angles  twice.   Reusing  the  data makes n o   d i f f e r e n c e   i n  
t h e   p o s i t i o n   f i x   c o m p u t a t i o n s ,   b u t ,  as w i l l  b e   s een   i n   t he   nex t   s ec t ion   o f   t he  
r e p o r t ,  it d o e s   a f f e c t   t h e   e r r o r   a n a l y s i s .  

The extended  schedule and assoc ia ted   computa t ions   for   type  5 measurements 
are shown i n   t a b l e  5. I n   t h i s   c a s e   o n l y  9 measurements are requi red  compared 

TABLE 5 . -  EXTENDED SCHEDULES FOR TY'PE 5 MEASUREMENTS 
.~. . . 

Time 
~ ~~ . 

Angle  measured 
Computed from 

From l i n e a r  
measured  angle 

i n t e r p o l a t i o n  

From measured  and 
i n t e r p o l a t e d  
q u a n t i t i e s  

(eq-  ( 9 ) )  

From i n t e r p o l a t i o n  

From measured  and 
i n t e r p o l a t e d  
q u a n t i t i e s  

From i n t e r p o l a t i o n  
(eqs . (7)  and 

(eq. (8) )  

(10)) 

1 2  
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t o   t h e  14  needed f o r  two  independent   posi t ion  f ixes ,   but   the  amount of  
computation i s  t h e  same. A s  i n  t h e  type 4 measurements   the  error   analysis  i s  
s u b s t a n t i a l l y   d i f f e r e n t  from t h a t  f o r  t he   r egu la r   s chedu le .  

This  approach  of  making  only  one s e t  o f   obse rva t ions   t o   de t e rmine   bo th  
p o s i t i o n  and v e l o c i t y  is d i s c u s s e d   f u r t h e r   i n   t h e   s e c t i o n  on e r r o r   a n a l y s i s  
and in   appendix  C. However, as will be shown l a t e r ,  the   p rocedure   appears   to  
have   l imi t ed   p rac t i ca l   va lue   because   o f   accu racy   l imi t a t ions .  

ERROR ANALYSIS METHODS 

The p rev ious   s ec t ion   p re sen ted   equa t ions   fo r   f i nd ing   t he   pos i t i on  and 
ve loc i ty   vec tors   f rom  appropr ia te  sets of  measured  angles.   This  section  deals 
with  the  equat ions  used  to   evaluate   the  errors   produced  in   the computed pos i -  
t i o n  and v e l o c i t y  by  measurement e r r o r s  and  by t h e   u s e  of l i n e a r   i n t e r p o l a t i o n .  
The e r r o r s   i n   p o s i t i o n  due t o  measurement e r r o r s   a r e   d i s c u s s e d  first and then 
t h o s e   i n   v e l o c i t y .   T h e s e   e r r o r s   a r e   e v a l u a t e d   t o  a f i r s t -order   approximat ion  
by d i f f e r e n t i a t i n g   t h e   p o s i t i o n   f i x   e q u a t i o n s  from the   p rev ious   sec t ion   wi th  
r e s p e c t   t o   t h e  measured  angles. The e r r o r s  due t o   t h e   u s e   o f   l i n e a r   i n t e r p o -  
l a t i o n   a r e   t h e n   d e a l t   w i t h   b r i e f l y .  The equat ions   used   for   eva lua t ing   the  
measurement e r r o r s  are  der ived   in   appendix  C and t h o s e   f o r   t h e   i n t e r p o l a t i o n  
e r ro r s   i n   append ix  D .  

The measurement e r r o r   i n   e a c h   a n g l e  i s  assumed t o   c o n s i s t   o f  a b i a s  and 
a random component. I t  i s  assumed t h a t   t h e  random  component i s  gaussian  with 
zero mean and  independent  of  the random components o f   e r r o r s   i n   t h e   o t h e r  
measured   angles ,   bu t   e r rors   in  y1 and y2 have  the same s t anda rd   dev ia t ions .  
The r e s u l t i n g   e r r o r s   i n   p o s i t i o n  and v e l o c i t y  are eva lua ted  on t h e   b a s i s  of 
t h e   s t a n d a r d   d e v i a t i o n s   o f   t h e i r  components. The b i a s   e r r o r s  are d i scussed   i n  
d e t a i l   i n   t h e   f o l l o w i n g   p a r a g r a p h s .  

Data p r e s e n t e d   i n   r e f e r e n c e  5 i n d i c a t e   t h a t   e v e n   a f t e r   c a r e f u l   c a l i b r a -  
t i o n   t h e r e  may b e   f a i r l y   l a r g e  mean e r r o r s   i n  a series  of  measurements  taken 
over a s h o r t   p e r i o d   o f   t i m e .   I t  i s  customary t o  t r ea t  such unknown b i a s e s  as 
random v a r i a b l e s   i n   o r d e r   t o   d e t e r m i n e   t h e  rms e r r o r   f o r   t h e  ensemble  of mea- 
surements   using  different   inst ruments   and  operators  a t  d i f fe ren t   t imes .   In  
this   s tudy,   however ,  it was d e s i r e d   t o   a s s e s s   t h e   r e l a t i v e   i m p o r t a n c e   o f   t h e  
b i a s   e r r o r s   i n  a g i v e n   p r a c t i c a l  case where  one  instrument i s  used by t h e  same 
opera tor   over  a shor t   per iod   of   t ime.   Therefore   the   b ias   in   each   measured  
angle  i s  assumed t o   b e  a cons t an t ,  and t h e   r e s u l t i n g   e r r o r s   i n   p o s i t i o n   a r e  
de te rmined   d i rec t ly .  

The b i a s e s  are s e p a r a t e d   i n t o  two p a r t s ,  one p a r t  due t o   i r r a d i a n c e   o r  
o the r   unce r t a in ty   i n   p l ane t   d i ame te r  and t h e   o t h e r   p a r t   d u e   t o   i n s t r u m e n t  
inaccuracy ,   i nc lud ing   ope ra to r   e r ro r .   Th i s   s epa ra t ion  i s  made because i t  i s  
po in ted   ou t   i n   r e f e rence  5 t h a t   i r r a d i a n c e  i s  a ma jo r   sou rce   o f   b i a s   e r ro r  
which  can  be  corrected  for  only  approximately a t  t h e   p r e s e n t  time.2 I t  can  be 

t i o n e d   i n   r e f e r e n c e  5. Th i s   e r ro r   can   be   co r rec t ed   fo r  by t h e  method 
d e s c r i b e d   i n   r e f e r e n c e  10  and w i l l  not   be   considered  here .  

~~ ~ 

2Another   impor tan t   source   o f   b ias   e r ror  i s  t h e  window-induced e r r o r  men- 
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seen from sketch  (c)  ( taken  from re f .  5) t h a t  when y i s  measured t o  t h e   n e a r  
limb, i t  i s  r educed   by   t he   i r r ad iance   b i a s   b I .  On the   o the r   hand ,  i f  y is 
measured t o   t h e  far limb, it i s  increased  by b I .  

Measured 7 

Measured 7 

Sketch  (c) 

Data p resen ted   i n   r e f e rences  5 and 7 i n d i c a t e   t h a t  a z e r o   c a l i b r a t i o n  
e r r o r  may account   for  a f a i r l y   l a r g e   p a r t  of t h e   i n s t r u m e n t   b i a s .   T h i s   c a l i -  
b r a t i o n   e r r o r ,  which  would  be a cons t an t   fo r  a g iven   i n s t rumen t   l i ne   o f   s igh t ,  
will be   d i scussed   wi th   the   e r ror   equa t ions .   For   numer ica l   eva lua t ion   of   the  
e f f e c t s  of t h e   b i a s   e r r o r s ,   t o   b e   d i s c u s s e d   i n   t h e   s e c t i o n  on r e s u l t s ,   t h e  
s i g n s  of the   ind iv idua l   ins t rument   b iases   were   chosen   to   g ive   the   l a rges t  
p o s s i b l e   e r r o r .  

The t r ea tmen t   o f   t hese   b i a s   e r ro r s  i s  p e s s i m i s t i c ,  and q u i t e   s i m p l i f i e d ,  
bu t  it does show how such   b i a ses   a f f ec t   t he   accu racy   o f   t he   t r a j ec to ry  
de t e rmina t ion   and   i nd ica t e   t he   need   fo r   be t t e r   ca l ib ra t ion .  

The equat ions   used   for   eva lua t ing   the   pos i t ion   e r rors   p roduced  by 
measurement e r r o r s   a r e   p r e s e n t e d   n e x t .  

Measurement E r r o r s   i n   P o s i t i o n  

The measurement e r r o r s   a r e   e v a u l a t e d   t o  a f i r s t -order   approximat ion  by 
d i f f e r e n t i a t i n g   t h e   p o s i t i o n   f i x   e q u a t i o n s   w i t h   r e s p e c t   t o   t h e  measured  angles. 
The d i f f e r e n t i a l s   o f   t h e   a n g l e s  are r ep laced   w i th   t he   va r ious   e r ro r  components 
d e s c r i b e d   e a r l i e r  as fo l lows:  
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The k i  a re   def ined  by equation  (1)  while 6 and b subsc r ip t ed  by t h e  
measured  angle  are  the random e r r o r s  and in s t rumen t   b i a s   i n   t ha t   ang le .  The 
i r r a d i a n c e   b i a s  i s  denoted by b I .  

- 
I f  the   spacec ra f t -p l ane t   vec to r  r given by equat ion (2) i s  

d i f f e r e n t i a t e d ,   t h e n  

Since and du are or thogonal  dr   can  be  separated 
along ? and r d; normal t o  i t .  The magnitude o f  r 

i n t o  two  components , d r  
dii can be   wr i t t en  

The p o s i t i o n   e r r o r s  due t o  measurement b i a s e s  are found by s e t t i n g   t h e  
random e r r o r s   i n   e q u a t i o n s  (12)   equal   to   zero.  The r a d i a l   b i a s   e r r o r  br i s  
obtained by s u b s t i t u t i n g   t h e   r e s u l t i n g   d i f f e r e n t i a l s   i n t o   t h e   a p p r o p r i a t e  
expres s ion   fo r   d r   wh i l e   t he  normal b i a s   e r r o r  bn i s  obtained from 
equat ion (13). 

The  random e r r o r s   a r e   e v a l u a t e d  on t h e   b a s l s  of t he   s t anda rd   dev ia t ions  
of   the  components  of  d?.  These  standard  deviations,  denoted O r  f o r   t h e  
r a d i a l  component  and  on fo r   t he   no rma l  component, a re   g iven  by 

or = JE(dr2) - b r 2  \ 
on = Jr2E(duI2 + du22 + du,2) - bn2 J 

Equations  (13)  and  (14j show t h a t  

and the  magnitude  of  d?,  which i s  t h e   v e c t o r   e r r o r  i n  ?, i s  t h e  same as t h a t  
of a var iab le   having  a cons t an t   b i a s  of ma n i tude  Jbr2 + bn2  and a random 
component wi th   s tandard   devia t ion  &. The following  paragraphs  give 
the   equa t ions ,   de r ived   i n   append ix  C ,  f o r   b r ,   b n ,  O r y  and On f o r   t h e   d i f f e r -  
ent  types  of  measurements.  The s tandard  deviat ion  of   each of t h e  random 
e r r o r s   i n   e q u a t i o n s  (12)  i s  denoted by o ( . ~  where t h e   s u b s c r i p t s  are 
t h e  same excep t   t ha t  it i s  assumed t h a t  a1 = 02 - ay. 

. . " 



Type 1 measurements- The b ia ses  are 

and 

5, = r vloD2 + o2 cos2 D RA -- J 
Wpe 2 measurements- The bias e r r o r s  are 

br = - (b1  + b s ) r m  

b, = - r 
s i n  B [ (b l  + klbS)2  + (bp + k 2 b ~ ) ~  - 2(b1  +klbS)(b2  +k; lbs)cos B]1'2 

I t  was s t a t e d  ear l ie r  t h a t   t h e   s i g n s  of t h e   b i a s e s  were chosen t o   g i v e   t h e  
l a r g e s t   p o s s i b l e   e r r o r ;   t h e r e f o r e  i f  i t  is a l s o  assumed t h a t  
lbl l  = Ib21 = IbS/ = b,   then 

The s t anda rd   dev ia t ions  o f  t h e  random e r r o r s  are given by 

r on = - + 2os2(1 + k l k 2  cos B)  

For t h i s   t y p e  of measurement t h e r e  are s i n g u l a r i t i e s   i n   b o t h  bn  and 5, when 
B = 0 o r  180'. Thus,   poor  accuracy  would  be  expected  near  these  values of  B. 

Type 3 measurements- I n   t h i s  case t h e   e r r o r s  are t h e   r e s u l t   o f   e r r o r s   i n  
Y1, Y p ,  and B, and 
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If Ibl  I = Ib2 I = b and t h e   s i g n s   o f   t h e   b i a s e s  are chosen t o   g i v e   t h e   l a r g e s t  
p o s s i b l e   e r r o r ,   t h e n  

The s t anda rd   dev ia t ions   o f   t he  random e r r o r s  are 

(21) 

In  equations  (20)  and  (21) p 1  and p 2  are def ined  by 

s i n ( k l $ l  - k2$2) (1 + klk2  cos B) 
'1 = s i n   ( k l $ l  + k2$2) (1 - k l k 2  cos B) 

and 

s i n  +1 s i n  $2 s i n  B - 
' 2  - sin(k191 + k2$2) (1 - klk2  cos B) 

If k l  = k2, it can  be shown t h a t  
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and 

In t h a t  case On f o r   t y p e  3 h a s   s i n g u l a r i t i e s   f o r  B = 0 and $1 + $2 = 180°, 
bu t   none   for  B = 180'. S imi l a r ly ,  if k l  = -k2 t h e r e  are s i n g u l a r i t i e s   f o r  
B = 180' and $1 = $2 b u t  none f o r  B = 0. 

Type 4 measurements- The e q u a t i o n s   f o r   b r  and  bn f o r  type 4 are 
i d e n t i c a l   w i t h   t h o s e   f o r   t y p e  2 and are given by equat ions  (18) .   Also,   s ince 
r i s  determined  from a single  measurement, O r  i s  t h e  same as f o r   t y p e  2 ,  and 

On = - { 2 o 2 +- OS2 [3(r2 - l ) c t n 2  q1 + 2 @ - 7 i  c t n  $1 (2k2 COS B1 + k l ) ]  
s i n  B 2 Y 2 

The e q u a t i o n   f o r  On was der ived   under   the   assumpt ion   tha t  $1  i s  the   ang le  
i n t e r p o l a t e d .  If q2 i s  i n t e r p o l a t e d   i n s t e a d ,  i t  rep laces  $1  i n   t h e  
equation  and k l  and k2 are interchanged.  

I n   a d d i t i o n   t o   t h e   s i n g u l a r i t i e s   f o r  B = 0 o r  180' no ted   fo r   t ype  2 ,  
Gibb's  method  produces a s i n g u l a r i t y  when the   i n t e rpo la t ed   ang le  +1 o r  q2 i s  
ze ro .   Th i s   s ingu la r i ty  i s  i n   t h e  measurement e r r o r  and should  not  be  confused 
w i t h   t h e   i n t e r p o l a t i o n   e r r o r s   d i s c u s s e d  l a t e r  i n  t h e   r e p o r t .  

a p e  5 measurements- The b i a s   e r r o r s   f o r   t h i s   t y p e  of  measurement a r e a l s o  
given by equat ions  (17) ,   but  i s  was poin ted   ou t  ear l ie r  t h a t  a l a r g e   p a r t  of 
t h e   b i a s   e r r o r s   a p p e a r   t o   b e  due t o   z e r o   c a l i b r a t i o n   e r r o r s .  If  t h e   b i a s e s   i n  
y and S are a t t r i b u t e d   e n t i r e l y   t o   t h i s   s o u r c e ,   t h e n   e q u a t i o n s  (17) f o r  
type 2 biases   remain   the  same. However, since a l l  a n g l e s   f o r   t y p e  5 are 
measured  with  the same ins t rument   b l  = b2 = bS = b and 

l b r l  (bI  + b ) r J l r S " - r  

r b  
lbnl G m  [4 + 2kl  + 2k2 - 2(1  + kl + k2 + k l k 2 ) c o s  B] 1 ' 2  

These  equations  were  used  for type 5 i n   o r d e r   t o  assess t h e   e f f e c t s   o f   t h e  
z e r o   c a l i b r a t i o n   e r r o r s .  Note t h a t  i f  k l  = k2 = 1, t h e r e  i s  no   s ingu la r i ty  
f o r  B = 0, and i f  k l  = k2 = -1, then  bn = 0.  

The s t anda rd   dev ia t ions   o f   t he  random e r r o r s  are 
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+2k2(- c t n  $1 + k l ) c o s  B + 31 l1l2 J 

The two a l t e r n a t e   s c h e d u l e s   f o r   t y p e  5 (d i scussed   i n   t he   s ec t ion  on 
p o s i t i o n   f i x   e q u a t i o n s )  which   use   on ly   l inear   in te rpola t ion   have   near ly   the  
same p o s i t i o n   e r r o r s  due t o  measurement inaccurac i e s  as type  2 .  These 
schedules   can  be  evaluated on t h e   b a s i s  of d a t a  from  type 2 .  

Extended  scheduZes- I t  was po in ted   ou t   i n   t he   s ec t ion  on the  computation 
o f   ve loc i ty   t ha t   t he   ve loc i ty   cou ld   be   de t e rmined  by adding  one  measurement 
t i m e   t o   t h e   t y p e  4 schedule  o r  two t o   t h e   t y p e  5 schedule .  The r e s u l t i n g   b i a s  
e r r o r s  are unchanged,   bu t   the   s tandard   devia t ions   o f   the   pos i t ion   e r rors  
become, f o r   t y p e   4 ,  

b 

ur = as./? 

r 
2 s i n  B { U S 2  5oy2 + - an = 2 [ ( r2  - 1)  (3 c tn2  $1 + 3 c tn2  $2 

' (25) 

+4  c tn  $1 c t n  $2 cos  B) + (4kl + 6k2 cos  B)ctn $l 

+ (4k2 + 6k1  cos  B)ctn $2 + 101 

i 
and for type  5 
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O r  = O s r  

On = r 
2 s i n  B {50 Y + 

Note t h a t   f o r   b o t h  measurement  types, ur i s  reduced  because more measurements 
of S are used   i n   de t e rmin ing  r. On t h e   o t h e r   h a n d ,   s i n g u l a r i t i e s  are 
p resen t   fo r   bo th  $1 = 0 and $2 = 0.  

Veloc i ty  Errors 

I t  i s  shown in   appendix  C t h a t ,   f o r  most c o n d i t i o n s ,   t h e   t h i r d - o r d e r  
t e rms   i n   equa t ion  (10) may be  neglected  in   computing  the  measurement   errors   in  
G(t2) .   That  i s  , we can assume 

S ince   t he   b i a ses  are cons ide red   t o   be   cons t an t   ove r   t he   obse rva t ion   pe r iod ,  
t h e   p o r t i o n s   o f   d ? ( t l )  and  d?(t3)  due t o   b i a s   e r r o r s  are equal .   Therefore ,  
t o  a first approximation  dv(t2) i s  due  only t o  random e r r o r s ,  and t h e  
s t anda rd   dev ia t ion ,  crv of   Idv( t2)  I i s  

Thus, t o  a f irst  approximat ion   the   s tandard   devia t ion   of  random e r r o r   i n   t h e  
v e l o c i t y  i s  i n v e r s e l y   p r o p o r t i o n a l   t o   t h e  time between  the two p o s i t i o n   f i x e s .  
The s t a n d a r d   d e v i a t i o n   o f   e r r o r   i n   ? ( t 2 )  (see appendix C )  i s  

T h i s   e r r o r  i s  minimized i f  - t l  = t 3  = A t ,  i n  which  case 
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and 

If Gibb's  method i s  u s e d   t o   o b t a i n  v ( t 3 )  i n s t e a d   o f   ; ( t 2 ) ,   t h e n   r ( t 3 )  is 
assumed t o   b e   t h e   c o r r e c t   p o s i t i o n ,  and up i n c r e a s e s   t o  Jur2 + un2 s i n c e  
the   in format ion   ob ta ined  a t  t l  is  not   used.  However, uv i s  t h e  same as 
when 7 i s  computed a t  t 2 .  Equation (30) i s  roughly   the  same (usua l ly  
wi th in  a f a c t o r  o f  two) fo r   t he   ex t ended   s chedu le   ve r s ions   o f   t ypes  4 and 5. 

L inea r   In t e rpo la t ion  Errors 

I t  was p o i n t e d   o u t   i n   t h e   d e s c r i p t i o n   o f   t y p e  4 and  type 5 measurements 
t h a t  it i s  n e c e s s a r y   t o   u s e  some l i n e a r   i n t e r p o l a t i o n   w i t h   t y p e  5. If one 
component o f   p o s i t i o n   ( i n   o t h e r  words r and e i t h e r  $1 o r  $2) i s  known a t  
two times a more accu ra t e   i n t e rpo la t ion ,   such  as Gibb's  method, may be  used. 
S i n c e   l i n e a r   i n t e r p o l a t i o n  i s  simpler  than  Gibb's  method, and i n  some cases is  
necessary ,  we would l i k e  t o  know  when t h e   r e s u l t i n g   e r r o r s  are small enough 
compared t o   t h e  measurement e r r o r s   t o   b e   a c c e p t a b l e .  

The b i a s  and random e r r o r s  are a func t ion   on ly   o f   the   geometry ,   bu t  
e r r o r s   d u e   t o   l i n e a r   i n t e r p o l a t i o n  of  r o r  y depend on t h e   o r b i t  as well. 
For th i s   reason   on ly   upper   bounds   o f   these   e r rors  were considered.  The i n t e r -  
p o l a t i o n   e r r o r   f o r  r was eva lua ted  by t ak ing   t he  maximum magnitude of  t h e  
second-order   term  in  a Taylor  series expansion of r .  T h i s   e r r o r   i n c r e a s e s  as 
r decreases ,  and t h e  minimum value  rmin of  r was found f o r  which t h e  
i n t e r p o l a t i o n   e r r o r  i s  less than  some f r a c t i o n ,  M ,  o f  u s r h 2  - 1 ( i . e . ,  o f  
ur f o r   t y p e  4 ) .  I n   o r d e r   t o   e n s u r e   t h a t   t h e   s e c o n d - o r d e r   t e r m  i s  a v a l i d  
measu re   o f   t he   i n t e rpo la t ion   e r ro r ,  an  expression was a lso   found  for   the   min i -  
mum va lue  of  r s u c h   t h a t   t h e   t h i r d - o r d e r  term i s  n e g l i g i b l e  compared t o   t h e  
second-order term. 

A conceptual ly  similar, b u t  less d i rec t ,   approach  was u s e d   f o r   t h e   e r r o r s  
due t o   l i n e a r   i n t e r p o l a t i o n   o f  y .  The minimum va lue   o f  r was found f o r  
which t h e   i n t e r p o l a t i o n   e r r o r  i s  less than M times dur2 + on2 f o r   t y p e  5. 
The e r r o r  due t o   i n t e r p o l a t i o n   o f  y i s  i n   t h e  normal   d i rec t ion ,   bu t   the  
r a d i a l  component i s  o f t en   t he   dominan t   pa r t   o f   t he  measurement e r r o r  and 
therefore   should   be   inc luded   in   de te rmining   the   re la t ive   impor tance   o f   the  
i n t e r p o l a t i o n   e r r o r .  The va lue   o f   rmin   i n   t h i s  case i s  a func t ion   o f  B as 
wel l  as r. 

The va lues   o f   rmin   for   which   the   in te rpola t ion   e r ror  i s  less than  M 
times the   appropr i a t e   s t anda rd   dev ia t ion  are p r e s e n t e d   i n   t h e   s e c t i o n  on 
r e s u l t s .  Appendix D con ta ins   t he   de r iva t ions   o f   t he   equa t ions   u sed  and t h e  

3There i s  a l s o   a n   i n t e r p o l a t i o n   e r r o r  due t o   t h e   u s e  of Gibb's method 
which i s  much smaller t h a n   t h a t  due t o   l i n e a r   i n t e r p o l a t i o n .   T h i s   e r r o r ,  
which  cannot  be  analyzed  by  l inear  perturbation  methods i s  d i s c u s s e d   b r i e f l y  
i n   t h e   s e c t i o n  on r e s u l t s .  
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values   o f   rmin   for   neglec t ing   the   var ious   h igher   o rder  terms. The l a t t e r  
r e s u l t s   i n d i c a t e   t h a t   i n  most p r a c t i c a l  cases the   second-order  terms are a 
val id   measure of  t h e   i n t e r p o l a t i o n   e r r o r .  

RESULTS AND DISCUSSION 

The s t a n d a r d   d e v i a t i o n   o f   p o s i t i o n   e r r o r ,  JOT' + an , and t h e   t o t a l   b i a s  
e r r o r ,  hr2 + bn2 were computed f o r  a l l  f ive  types  of  measurements  with 
var ious   va lues   o f  RA, D ,  and @ a t  s e v e r a l   d i f f e r e n t   r a n g e s  from t h e   p l a n e t .  
A t  each  value  of r s u f f i c i e n t  cases were computed t o   c o v e r   t h e   r a n g e  o f  
angles   considered 1-90" RA G 90°, 0 G D G 90' and 0 @ 90") .  

I t  was found  that ,   except  f o r  type  1, t h e   e r r o r s  depend s t rong ly  on the  
loca t ion   o f   t he   p ro j ec t ion   o f  ? on to   t he  X-Y p l a n e   r e l a t i v e   t o   t h e   u n i t  
v e c t o r s   t o   t h e  two s t a r s .   Three   d i f f e ren t   s t a r -p l ane t   con f igu ra t ions ,  two of  
them e x t r e m e   p o s s i b i l i t i e s   f o r   l o c a t i o n   o f   t h e   p r o j e c t i o n  and t h e   t h i r d  an 
in te rmedia te   va lue ,  are i l l u s t r a t e d   i n   f i g u r e  2 .  In   t he  f i r s t  conf igura t ion  

(a) First  configuration, A = @/2. (b) Second  configuration, A = 0. (c) Third configuration, A > @. 

Figure 2.- Star-planet  configurations. 

- 
( f i g .   2 ( a ) )   t h e   p r o j e c t i o n   o f  r on t h e  X-Y p lane  l i es  midway between t h e  
two stars.  In   f i gu re   2 (b )   t he   p ro j ec t ion   o f  ? i s  i n   t h e   d i r e c t i o n   o f  one of 
t h e  stars. I n   t h i s   c a s e ,  s t a r  number 1 and RA = 0,  bu t  i t  cou ld   be   i n   t he  
d i r e c t i o n  s ta r  number 2 i n s t e a d .   I n   f i g u r e   2 ( c )   t h e   p r o j e c t i o n   o f  ? l ies  
we l l   ou t s ide   t he  smaller angle  between  the two stars. 

The values  of  and Jbr2 + bn2 o b t a i n e d   f o r   t h e s e   t h r e e  
geomet r i c   con f igu ra t ions   a r e   d i scussed   s epa ra t e ly   i n   t he   nex t  two s e c t i o n s  
a f t e r  which the   e r ro r s   caused  by l i n e a r   i n t e r p o l a t i o n   a r e  compared with  those 
due t o  measurement e r r o r s .  

Random Errors  

The s t a n d a r d   d e v i a t i o n s   f o r   t h e  random p o s i t i o n   e r r o r s  were computed 
assuming  the same s t anda rd   dev ia t ions   o f   e r ro r   i n   each   ang le   measu red ,   t ha t  i s ,  
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= OD = a = as = OB = a, e x c e p t   f o r  a s p e c i a l  set o f   d a t a   f o r  type 3 
measurements: Tests made o n   t h e   t r i s e x t a n t  a t  Ames Research  Center  indicated 
t h a t  it may no t   be   poss ib l e   t o   measu re  B as accu ra t e ly  as the   o the r   ang le s .  
Therefore ,   an   addi t iona l  set  o f   d a t a  was ob ta ined   fo r  type 3 measurements  with 
ag = 100. 

The va lue   o f  JOr2 + On2 f o r  type 1 measurements i s  p r e s e n t e d   i n  
f i g u r e  3. The s t a n d a r d   d e v i a t i o n   i n   u n i t s   o f   ( p l a n e t   r a d i i ) / ( a r c   s e c )  i s  
p l o t t e d  as a func t ion   o f   t he   dec l ina t ion  D fo r   fou r   r anges .  The correspond- 
ing   va lues   o f  O r  (dashed   l ines)  are a l so   p resented .   Note   tha t  as r 
increases   the  importance  of  O r  i n   t h e   t o t a l   s t a n d a r d   d e v i a t i o n  becomes 
g r e a t e r ,  and f o r  r 2 it accoun t s   fo r   nea r ly  a l l  of  Jar2 + an2. Since 
ar i s  independent  of D, t h e r e  i s  n e g l i g i b l e   v a r i a t i o n   o f   t h e   t o t a l   s t a n d a r d  
devia t ion   wi th  D a t  t he   l a rge r   r anges .  I t  can  be  seen  from  equations  (16) 
t h a t   t h e s e   r e s u l t s  are to   be   expec ted  and t h a t   f o r   l a r g e   v a l u e s   o f  r t h e  
type  1 e r r o r  may be  regarded as cons i s t ing   on ly  of t h e   r a d i a l  component. 

r=IO planet rod11 

""- 9 

r = 2  
r=  2 "_""""""" "" "- "" "- 

I I 
0 10 20  30 40 50 60 70 80 9'0 

Declmatian,  deq 

Figure 3.- Standard  deviations of random  error  for  type 1 
measurements. 

The e r r o r s  from  measurements  of  type 2 ,  3 ,  4, o r  5 are func t ions   no t   on ly  
o f   t he   r ange   bu t   a l so  of t h e   r e l a t i v e   l o c a t i o n   o f   t h e  stars and   p lane t  and 
whether   the  s tar- l imb  angles  are measured t o   t h e  l imb  near   the  s t a r  or t h e  f a r  
limb. The r a t i o s   o f   t h e   s t a n d a r d   d e v i a t i o n s   f o r   t h e s e  types of  measurements 
t o   t h o s e   f o r   t y p e  1 were computed i n   o r d e r   t o  f a c i l i t a t e  comparison  between 
the  various  methods.  The effects of t h e   r e l a t i v e   l o c a t i o n s   o f  stars and 
p l a n e t  were eva lua ted  by u s i n g   t h e   t h r e e   d i f f e r e n t   c o n f i g u r a t i o n s   ( f i g .  2) d i s  
c u s s e d   e a r l i e r .  Two d i f f e ren t   va lues   o f  r ,  &, and  10, were found t o   b e  
s u f f i c i e n t   t o  show t h e  effect  of  changing  range. The resu i t s   o f   measur ing  y1 

I 
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and  y2 t o   t h e   n e a r  and far  limbs were accounted   for  by  computing  the 
22 cases d e s c r i b e d   i n   t a b l e  6 .  

TABLE 6.-  CASES FOR WHICH ERROR RATIOS WERE COMPUTED 

Cas e 

2a 
2b 
3a 
3b 
3c 
3d 
4a 
4b 
4c 
4d 

4e- 4h 
5a-5h 

~- ~ - ." __ 

Mea.surement type 

2 
- ~ . .  " 

3 

4 

4 

- . ~~ . .  ." . - - " 

Descr ip t ion  
~ - ." ~~ . - -  -~ - 

y1 and y2 t o  same limb 
y1 and  y2 t o   o p p o s i t e   l i n b s  
y1 and y2 t o  same limb, OB = 0 
y1 and y2  t o  same limb, 
y1 and  y2 t o   o p p o s i t e  l i m  2 s ,  = O B  lo = a a 
y1 and  y2 to   oppos i t e   l imbs ,  O B  = 10 CT 
y1 and y2 t o   n e a r  limb 
y1 and  y2 t o  far  limb 
y1 t o   nea r   l imb ,  y2  t o  far limb 
y1 t o  far  limb, y2 t o   n e a r  limb 
Same as 4a-4d with  extended  schedule 
Same as 4a-4h 
- ~ _" " - 

The r e s u l t i n g   r a t i o s   o f  Jar2 + an2 f o r  types 2 ,  3, 4 ,  and 5 t o  t h o s e   f o r  
type  1 were  computed for   each  of   the  geometr ic   configurat ions  and  each  of   the 
two values  of r. These r e s u l t s  are p r e s e n t e d   g r a p h i c a l l y   i n   f i g u r e s  4 
through 1 2 .  The cu rves   fo r   t ype  2 are presented   wi th   each   of   the   o ther   types  
separa te ly   for   ease   o f   compar ison .  Only t h e  maximum and minimum values  from 
cases  4(a)  through (d) are shown and are l abe led  as type   4 ,   whi le   the  maximum 
and minimum values   for   the   ex tended   schedule   a re   l abe led  4X. An equiva len t  
s e t   o f   d a t a  i s  p re sen ted   fo r   t ype  5 measurements,   and  the  curves  are  labeled 
5 and 5X. 

The d a t a   f o r   t h e   c o n f i g u r a t i o n   w i t h  RA = $/2   ( f ig .   2 (a) )  are resented  
i n   f i g u r e s   4 ,  5, and 6 .  Three  values  of 4 are used  with r = sp 10,  and  one 
i s  also  used  with r = 10 ( f i g s .   4 ( c ) ,  5 ( c ) ,  and 6 ( c ) )   i n   o r d e r   t o  show t h e  
e f f ec t s   o f   r ange .  

Figure 4 shows t h e   r a t i o   f o r   t y p e s  2 and 3 .   For   th i s   conf igura t ion  
B = 180' when D = 0 and  decreases as D i nc reases  s o  t h a t   i a r 2  + on2 f o r  
type 2 i s  i n f i n i t e  when D = 0, reaches a minimum a t  the   va lue   o f  D f o r  
which B = 90' and then   increases   aga in .   This  effect  i s  most n o t i c e a b l e   f o r  
t he   sma l l e s t   va lue   o f  4 s i n c e   t h e  minimum va lue   o f  B i nc reases   w i th  4 .  
On the   o the r   hand ,   t he   cu rves   fo r   t ypes   3a  and 3b are a t  a minimum f o r  D = 0 
and i n c r e a s e   r a p i d l y   f o r   l a r g e r   v a l u e s   o f  D .  When RA = $ / 2 ,  we can   s ee   t ha t  
$1 = $2,  causing  (as was p o i n t e d   o u t   i n   t h e   s e c t i o n  on Error  Analysis  Methods) 
t h e   e r r o r s   f o r   t y p e s   3 c  and 3d t o   b e   i n f i n i t e ,  and  those  curves  have  been 
omitted.   For 4 = 30"  and D 2 S o ,  type 2 e r r o r s  are less than  twice  those 
f o r   t y p e  1, and t h e   r a t i o  i s  s m a l l e r   f o r   l a r g e r   v a l u e s   o f  4 .  Also,  compari- 
son  of   f igures   4(b)   and  4(c)  shows t h a t  as r i n c r e a s e s ,   t h e   r a t i o s   f o r   b o t h  
types  decrease and the  spread  between  the  curves  of  the same type becomes 
smal le r .  From the   equa t ions   fo r   t he   s t anda rd   dev ia t ions  we would expec t   the  
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Figure 4.- Ratio of for  types 2 and 3 with  RA = @I2 to Jo,? + 172 for  type 1. 

s e n s i t i v i t y  t o  changes i n  r t o   b e   g r e a t e r  f o r  small va lues  o f  r. Therefore ,  
f o r  0 2 30°, r 2 and  any  given  value of D .  One o r  bo th   o f   these  
measurement  types  (type 2 and  type 3)  w i l l  provide a s t anda rd   dev ia t ion  less 
than   tw ice   t ha t  for type  1. 

25 



The r a t i o   f o r   t y p e  4 ( f i g .  5 )  fo l lows   the  same t r ends   fo r   changes   i n  
r o r  9 as the   cor responding   da ta   for   type  2 .  However, type  4 i s  gene ra l ly  
poorer   than  type 2 ,  p a r t i c u l a r l y   f o r  small values   of  D. The use   o f   the  
extended  schedule  improves  the  results somewhat  and  produces  lower r a t i o s   ( t o  
type 1 values)   than   type  2 for t he   l a rge r   va lues   o f  D.  This  improvement i s  
due  mainly t o   t h e   i n c r e a s e   i n   t h e  number of  measurements  used. 
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The r e s u l t s   f o r   t y p e  5 are g i v e n   i n   f i g u r e  6 ,  and the  t rends  with  changes 
i n  r and are t h e  same as t h o s e   f o r   t y p e s  2 and 4. Type 5 has   substan-  
t i a l l y  smaller e r ro r s   t han   t ype  4 and less spread  between maximum and minimum. 
The s i n g u l a r i t i e s  a t  D = 0 have a g r e a t e r   e f f e c t  on type  5 than on type  2 ,  
b u t   f o r  D > 2 5 O  t h e   t y p e  5 e r r o r s  are smaller t h a n   t h o s e   f o r   t y p e  2 .  This 
improvement in   per formance  i s  probably   due   to   the   increased  number of   obser-  
v a t i o n s   f o r   t y p e  5,  and f o r   t h e  same reason   the   use   o f   the   ex tended   schedule  
Drovides a small improvement ove r   t he   r egu la r   s chedu le   fo r   t ype  5. * 
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The cor responding   da ta   for   the   conf igura t ion   ( f ig .  2 (b))  where  the 
p r o j e c t i o n   o f  E on t h e  X-Y p lane  is a l i n e d   w i t h  one  of  the stars a r e  
p r e s e n t e d   i n   f i g u r e s   7 ,  8, and 9. The e r r o r s   f o r   t h i s   c o n f i g u r a t i o n  show t h e  
same t r ends   w i th  r and @ as shown i n   f i g u r e s  4 ,  5, and 6;  namely as r o r  @ 
i n c r e a s e s ,   t h e   r a t i o s   o f   t h e   s t a n d a r d   d e v i a t i o n s   t o   t h o s e   f o r   t y p e  1 become 
smaller, and the  spread  between  the maximum and minimum curves i s  reduced. 
The e f f e c t  on types  2 and 3 of   changing  the  geometr ic   configurat ion  can  be 
seen'  by  comparing f i g u r e   4 ( a )   w i t h   f i g u r e  7 (b)  and  f igure 4 (b)   with  f ig-  
ure   7 (d) .   These   pa i r s   o f   f igures   have   the  same values   o f  @ and r and t h e  
cu rves   fo r   t ype  2 are n e a r l y  same excep t   fo r  small values   of  D .  The type  2 
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Figure 7.- Ratio  of for type 2 and  type 3 with RA = 0 to Jur2 + on2 for  type 1. 
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e r r o r s   f o r  RA = +/2 i n c r e a s e   q u i t e   r a p i d l y   f o r  D < 20" w h i l e   t h e r e  i s  
l i t t l e  n o t i c e a b l e   i n c r e a s e   f o r  RA = 0. On t h e   o t h e r   h a n d ,   t h e   e r r o r s   f o r  
type  3 are much l a r g e r  for RA = 0 t h a n   f o r  RA = $ / 2 ,  but   the  combinat ion4 
of   types 2 and 3 w i l l  s t i l l  provide a s t a n d a r d   d e v i a t i o n   l e s s   t h a n  twice t h a t  
of   type 1 f o r  a l l  va lues   o f  D i f  4 > 30" and r > m. 

When the   r egu la r   s chedu le  i s  u s e d ,   t h e   e r r o r s   f o r   t y p e  4, shown i n  
f i g u r e  8, are no t   a f f ec t ed  as s t rong ly  by t h e   s i n g u l a r i t i e s   n e a r  D = 0 as 
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. " 

4Note t h a t  i f  RA i s  exac t ly   zero   then  l i m  B = 90°,  and Cry fo r   t ype  2 
D + O  

(eq.  (19)) i s  bounded. However, f o r  RA s l i g h t l y   d i f f e r e n t  from  zero, O r  
will a p p r o a c h   i n f i n i t y  and i t  would  be  necessary  to   use  type 3 f o r   v e r y  small 
va lues  of  D. 
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with  the  configurat ion  where RA = 4 /2 .  On t h e   o t h e r   h a n d ,   t h e   s i n g u l a r i t i e s  
have   g rea t e r   e f f ec t  on t h e   r e s u l t s   f o r   t h e   e x t e n d e d   s c h e d u l e  when RA = 0.  
T h i s   r e s u l t  i s  to   be   expec ted   s ince  $1, which  goes t o   z e r o   w i t h  D i s  no t  
i n t e rpo la t ed   w i th   t he   r egu la r   s chedu le ,   bu t  it must be  used  with  the  extended 
schedule   thereby  introducing  c tn  $1, i n t o   t h e   e q u a t i o n   f o r  On. 

Figure 9 shows t h e  same d a t a   f o r   t y p e  5 measurements,  and  the same 
changes  with r and 4 are noted as when RA = 4 / 2 .  The change in   geomet r i c  
configuration  from RA = 4 / 2  t o  RA = 0 has   t he  same g e n e r a l   e f f e c t  on t h e  
t y p e   r e s u l t s  as on t h o s e   f o r   t y p e  4, 
f o r   t y p e  5 are considerably  lower  than 
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The d a t a   f o r   t h e   c o n f i g u r a t i o n   ( f i g .   2 ( c ) )  where t h e   p r o j e c t i o n   o f  r 

on to   t he  X-Y p lane  l i es  well ou ts ide   the   smal le r   angle   be tween  the  two stars 
are p r e s e n t e d   i n   f i g u r e s   1 0 ,  11, and 1 2 .  The r a t i o s   f o r  type.s 2 and 3,  which 
are shown i n   f i g u r e   1 0 ,  are much l a r g e r   t h a n   t h o s e   f o r   t h e   o t h e r  two configu- 
r a t i o n s .  Comparison of   f igures   10   (a ) ,  10  (b) , and  10  (d)  with  figure  7(a) , 
which  has  the same va lues   o f  r$ and r, shows t h a t   t h e   r a t i o s   f o r   t y p e  2 are 
t h e  same a t  la rge   va lues   o f  D ,  b u t   t h e   r a t i o s   i n   f i g u r e   7 ( a )  are becoming 
r e l a t i v e l y  much sma l l e r  as D decreases .  The r a t i o s   f o r   t y p e  3 s ta r t  a t  
l a r g e r   v a l u e s  f o r  D = 0 bu t  do no t   i nc rease  as r a p i d l y  as t h o s e   f o r   t h e  
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o t h e r  two conf igu ra t ions .  Note t h a t   t h e   r a t i o s   f o r   t y p e s  3a  and 3b are o f f  
t h e  scale o f   t h e   g r a p h s   i n  a l l  cases, and i n   f i g u r e   1 2 ( d )   t h e   c u r v e   f o r  
type  3c  has   been  omit ted  for   the same reason.  A s  w i th   t he   o the r  two configu- 
r a t ions   t he   r a t io s   dec rease   w i th   i nc reas ing  r, b u t   c o n f i g u r a t i o n s   o f   t h i s  
type  should  be  avoided  for  r < 10. 

The r a t i o s   f o r   t y p e  4 w i t h   t h e   t h i r d   c o n f i g u r a t i o n  are shown i n   f i g u r e  11, 
and a r e   q u i t e   l a r g e   i n  a l l  cases  except a t  very   l a rge   va lues   o f  D. Note t h a t  
f o r  RA = 90' ( f i g .   l l ( d ) )   t h e   e r r o r   f o r   t h e   r e g u l a r   s c h e d u l e  i s  independent 
of  which  limbs y1 and y, are measured t o  so t h a t   o n l y  one  curve i s  shown. 
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Figure 1 2  p re sen t s   t he  same d a t a   f o r   t y p e  5 measurements,  and,  again  the 
r a t i o s  are c o n s i d e r a b l y   l a r g e r   t h a n   f o r   t h e   o t h e r  two conf igura t ions .  However, 
f o r  r > 10  and D > 25" the   type  5 e r r o r s  are comparable t o   t h o s e   f o r   t y p e  1. 

The p r e c e d i n g   r e s u l t s  show t h a t  measurements of type  2 ,  3 ,  o r  5 can  have 
accuracies  comparable t o  t ha t   o f   t ype  1, provided it i s  poss ib l e   t o   choose   t he  
stars proper ly .  Type 4 measurements  appear t o   b e   d e c i d e d l y   i n f e r i o r   t o   t h e  
o the r s  and w i l l  no t   be   cons idered   fur ther .  For type  2 t h e  stars should  be 
chosen  so  that  B i s  as nea r  90" as poss ib l e ,   wh i l e   fo r   t ype  5 ( r egu la r  
s chedu le )   e i t he r  $1 o r  $2 as well as 
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These   cond i t ions   a r e   s a t i s f i ed   bes t  when t h e   p r o j e c t i o n   o f  r on to   t he  X-Y 
p lane  l ies  near   one  of   the stars. For  type 3 t h e   b e s t   r e s u l t s  are obta ined  i f  
t h e  two stars and t h e   p l a n e t  are nea r ly   co l inea r   w i th   t he   p ro j ec t ion   o f  E 
o n t c   t h e  X-Y p lane  midway between  the  two stars. In  a l l  cases t h e   r e s u l t s  
are poorer  when t h e   p r o j e c t i o n   o f  r l i e s  well o u t s i d e   t h e  smaller angle  
between the  two stars. 

The p r a c t i c a l i t y   o f  making a s u i t a b l e   c h o i c e   o f  stars has  not  been 
i n v e s t i g a t e d   i n   d e t a i l   h e r e ,   b u t  an  examinat ion  of   the star c h a r t   i n   r e f e r -  
ence 6 i n d i c a t e s  l i t t l e  d i f f i c u l t y  if a 90" f i e l d   o f  view i s  a v a i l a b l e .  Reduc- 
t i o n   o f   t h e   f i e l d   o f   v i e w   t o  55' makes i t  more d i f f i c u l t   t o   l o c a t e   s u i t a b l e  
s tars ,  and i n   t h e   c a s e   o f   t y p e  5 i n c r e a s e s   t h e  minimum o b t a i n a b l e   e r r o r   s i n c e  
q i  4 -  

I f  we assume tha t   t he   p rope r   cho ice   o f  stars can  be made, t h e n   t h e   r a t i o  
of dor2 + on2 fo r   t ypes  2 ,  3 ,  and 5 t o   t h a t   f o r   t y p e  1 can   be   he ld   to  less 
than 2 .  A s  r i n c r e a s e s ,   t h i s   r a t i o   a p p r o a c h e s   u n i t y   o v e r   a n   i n c r e a s i n g  
range  of D because   t he   r ad ia l  component  becomes the  dominant   par t   of   the  
e r r o r   f o r  a l l  types.   In  view of t h e s e  facts it seems r e a s o n a b l e   t o  assume 
t h a t   t h e   t o t a l  random e r r o r   f o r  any  of   these  observat ion  types  can  be  approxi-  
mated  by t h e   r a d i a l   e r r o r  from a single  subtense  angle  measurement.   There i s  
some improvement i n   t h e   r e s u l t s   f o r   t y p e  5 with  the  extended  schedule   but   the  
change i s  not  enough t o   i n v a l i d a t e   t h i s  rough  approximation. 

This  approximation  used  with  equation(16)for r = 200 i n d i c a t e s   p o s i t i o n  
e r ro r s   w i th  a s tandard   devia t ion   of   about  0 . 2  p l a n e t   r a d i i   f o r   e a c h   a r c   s e c o n d  
s t anda rd   dev ia t ion   o f   i n s t rumen t   e r ro r ,   o r ,   i n   o the r   words ,  an e r r o r   o f  1 o r  
2 p e r c e n t   f o r  a 10 a r c  sec instrument .  Thus, w i t h i n   t h e   p r e s e n t   s t a t e  of t h e  
a r t ,  t h e  measurements  considered i n   t h i s   s t u d y   a r e   u s e f u l   t o  a maximum range 
of  about 200 p l a n e t   r a d i i  from the   cen t ra l   body.  

Bias Errors  

The computa t ion   of   the   b ias   e r rors  i s  complicated by t h e  fac t  t h a t  
d i f f e r e n t   b i a s e s  may e i t h e r  add or   subt rac t .   Therefore ,   the   upper  bound of 
Jbr2  + bn2 was computed  by  assuming s i g n s  on t h e   d i f f e r e n t   b i a s e s  which  gave 
t h e   l a r g e s t   t o t a l   e r r o r .  The in s t rumen t   b i a ses   i n  y ,  S,  A,  and D were 
assumed to   have   t he  same magnitude b y   w h i l e   t h e   b i a s   i n  B and t h a t  due t o  
i r radiance  were assumed t o   b e   e i t h e r  b o r   l o b .  I t  was assumed t h a t  b i s  
e q u a l   t o   t h e   s t a n d a r d   d e v i a t i o n  o o f   t h e   i n s t r u m e n t   e r r o r s   d i s c u s s e d   i n   t h e  
prev ious   sec t ion .  

The r a t i o   o f   t h e   b i a s e s   f o r   t y p e  1 measurements t o   t h e  l o  random e r r o r  
f o r   t y p e  1 were  computed  and a r e   p l o t t e d   i n  fi ure   13 .   These   ra t ios   a re  
near ly   cons tan t  and are  ap  roximately  (1 + I bI f / I  b 1 1 .  This  approximation 
becomes more accu ra t e  as PbI I o r  r i s  increased .  

m e   r a t i o s  of h r 2  + bn2 for  the  remaining  measurement  types  to U r  f o r  
type 1 were  computed f o r   t h e  same cases  as t h e  random e r r o r  and a r e   p l o t t e d   i n  
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f igures   14  through  16.   Figure 3 shows 
t h a t ,   f o r   t h e   v a l u e s  of r considered,  
t he   t ype  1 random e r r o r  i s  almost 
e n t i r e l y   i n   t h e   r a d i a l   d i r e c t i o n ,  and 
it i s  r e a s o n a b l e   t o  compare these  
r a t i o s   d i r e c t l y   w i t h   t h o s e   i n   f i g -  
u re s  4 through  12.  Note  that  , as was 
poin ted  out ea r l i e r ,  t he   t ype  5 b i a s e s  
were computed under  the  assumption 
t h a t   t h e   e n t i r e   b i a s  i s  due e n t i r e l y  
t o   z e r o   c a l i b r a t i o n   e r r o r ;   a c t u a l l y  
t h e   r a t i o s   f o r   t y p e s  4 and 5 w i l l  l i e  
somewhere between  the  type 2 and 
type 5 curves,  depending on t h e   r e l a -  
t i ve   magn i tude   o f   t he   ze ro   ca l ib ra t ion  
e r ro r .   Excep t   fo r  one case  ( f ig .   16(d)) ,  
t h e   r a t i o s   f o r   b I  = 10b are   about  
f i v e  times t h o s e   f o r   b I  = b and t h e  
va lue   o f   b I  i s  no t   i nd ica t ed  on t h e  
f i g u r e s .  

The r a t i o s   f o r   t h e   c o n f i g u r a t i o n  
with RA = + / 2  ( f ig .   2 (a ) )   a r e   p re -  
s en ted   i n   f i gu re   14 .  The curves show 

t h e  same g e n e r a l   c h a r a c t e r i s t i c s  as t h o s e   f o r   t h e  random e r r o r s   i n   f i g u r e s  4 ,  
5 ,  and 6 ;   t h a t  i s ,  types  2 and 5 h a v e   s i n g u l a r i t i e s  a t  D = 0 while   type 3 
has  a s i n g u l a r i t y  a t  D = 90° ,  and t h e   , r a t i o s   f o r   t y p e s  3c  and 3d a r e   i n f i n i t e  
because   o f   t he   s ingu la r i ty  when $1 = 142. Increas ing  r from t o  10 
( f ig s .   14 (b )   and   14 (c ) )   r educes   t he   r a t io s   fo r   b I  = 1 b u t   h a s   l i t t l e   e f f e c t  
f o r   b I  = 10.  Note t h a t   t h e   s m a l l e s t   v a l u e   o f  v'br2 + bn2 , type  5b with 
b I  = 1, i s  twice  as   large as or f o r   t y p e  1, while  i f  b I  i s  i n c r e a s e d   t o  10 
t h e   r a t i o   i n c r e a s e s   t o  11. The b i a s e s  due t o   z e r o   c a l i b r a t i o n   e r r o r   a r e  
reduced by measuring  one  or  both  of  the star- limb a n g l e s   t o   t h e   f a r   l i m b ,   b u t  
the   reduct ion  i s  s i g n i f i c a n t   o n l y  a t  small values   of  D .  

Figure 15 presents   the  corresponding  data   for   the  configurat ion  where 
RA = 0 ( f ig .   2 (b ) )  , and,   again,   the   curves   fol low  the same gene ra l   pa t t e rn  as 
the  corresponding  ones  for   the random e r r o r s   ( f i g s .  7 ,  8, and 9)  . I n   f i g -  
u r e   1 5 ( a )   t h e   r a t i o   f o r   t y p e  2 i s  much l a r g e r   t h a n   t h a t   f o r   t y p e s   5 c   a n d  5d 
which i s ,  i n   t u r n ,  much l a r g e r   t h a n   t h e   o t h e r   r a t i o s   f o r   t y p e   5 .   T h i s   f a c t  
s e r v e s   t o  show t h a t   t h e   b i a s   e r r o r s   i n c r e a s e   i n   m a g n i t u d e  and  spread  between 
v a r i o u s   c a s e s   i n   t h e  same manner as t h e  random e r r o r s  as a s i n g u l a r i t y  i s  
approached; i n   t h i s  case B becomes small wi th   increas ing  D .  

- 
The conf igu ra t ion   w i th   t he   p ro j ec t ion   o f  r well ou t s ide   t he   sma l l e r  

angle  between  the two stars ( f i g .   2 ( c ) )   p r o d u c e d   t h e   r a t i o s   i l l u s t r a t e d   i n  
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Figure  15.-  Ratio  of bias errors for types  2, 3,  and 5 with RA = 0 to Or for  type 1. 
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f i g u r e  16. A s  i n   t h e   c a s e   o f   t h e  random e r r o r   ( f i g s .   1 0 ,  11, and  12) t h e  
b i a s e s   f o r   t y p e  2 and types  5c and  5d are much l a r g e r  a t  lower  values  of D 
t han   t hose   fo r  4 = 15"  and RA = 0 ( f i g .   l S ( a ) ) .  The o t h e r   b i a s e s ,   t y p e s  3,  
Sa,  and  5b, are gene ra l ly  a l i t t l e  smaller t h a n   f o r   t h e   o t h e r   c o n f i g u r a t i o n s .  

The upper  bounds on /br2 + bn2 presented  i n  t h e s e   f i g u r e s  are only  rough 
approximations  and  represent   worst   possible   cases .  However, they  do show t h a t  
i n  many ins t ances  a b i a s  as l a r g e  as the   s t anda rd   dev ia t ion   o f   t he  random 
e r r o r  can be   the   dominat ing   source   o f   pos i t ion   e r ror .  Even i f  we a t t r i b u t e  
t h e   e n t i r e   b i a s   t o   z e r o   c a l i b r a t i o n   e r r o r  and use  type 5b measurements s o  t h a t  
bn = 0,  t h e   b i a s   e r r o r  i s  s t i l l  about twice t h e  random e r r o r .  An i n c r e a s e   i n  
bI  causes a l a r g e   i n c r e a s e   i n   t h e   b i a s   e r r o r  and e v e r y   e f f o r t   s h o u l d   b e  made 
t o   c o r r e c t   f o r   i r r a d i a n c e   b i a s ;   e v e n  a crude   cor rec t ion  would b e   h e l p f u l .  

A s  i n   t h e   c a s e s   o f   t h e  random e r r o r s ,   t h e   b i a s   e r r o r s   f o r  measurement 
types 2 ,  3,  and 5 can  be  reduced t o  about  the same va lue  as those   fo r   t ype  1 
by the  proper   choice  of  stars.  Furthermore,   the same general   conclusions as 
t o  which s tars   should  be  chosen  to   minimize random e r r o r s   a l s o   a p p l y   i n   t h e  
c a s e   o f   t h e   b i a s   e r r o r s .  

I n   o r d e r   t o  draw  any f u r t h e r   c o n c l u s i o n s   w i t h   r e g a r d   t o   t h e   r e l a t i v e  
importance  of  bias and random e r r o r s ,  i t  i s  n e c e s s a r y   t o  make a d d i t i o n a l  
assumptions  regarding  the  numerical   values   of   the   biases  and s tandard  
deviat ions.   For   example,   the   instrument   bias   error   f rom  the Gemini f l i g h t  
desc r ibed   i n   r e f e rence  8 averages  about 2 . 2 5  a r c   s e c  o r  about  one t h i r d   t h e  
average   s tandard   devia t ion .  The i r r a d i a n c e   e r r o r   f o r   t h e  Moon as seen from 
the   Ear th  i s  abou t   f i ve   t imes   t he   i n s t rumen t   b i a s   e r ro r   ( r e f .   5 ) .  

We can  use  these numbers with  equations  (15) and  (16) t o  show t h a t   t h e  
p o s i t i o n   b i a s   e r r o r s  w i l l  be   approximately  twice  the  s tandard  deviat ion  of   the 
random e r r o r s  , and t h e   t o t a l  rms e r r o r  i s  about 2 . 2  t imes  the  s tandard  devia-  
t i o n .  On the   o ther   hand ,  i f  t he   i r r ad iance   e r ro r   cou ld   be   r educed  by c a l i b r a -  
t i on   t o   abou t   t he  same value as t h e   i n s t r u m e n t   b i a s   e r r o r ,   t h e   t o t a l  rms e r r o r  
would  be  about   1 .3   t imes  the  s tandard  deviat ion  of   the random p a r t .  

Pos i t i on   E r ro r s  Due t o   L i n e a r   I n t e r p o l a t i o n  

The er rors   caused  by t h e   l i n e a r   i n t e r p o l a t i o n   o f  r and y are dea l t   w i th  
s e p a r a t e l y   i n   t h i s   s e c t i o n .  The der ivat ions  of   the   equat ions  used  and some 
d a t a   p e r t i n e n t   t o   n e g l e c t i n g   h i g h e r   o r d e r  terms a re   g iven   i n   append ix  D .  

InterpoZation of r- Appendix D gives  an e x p r e s s i o n   f o r  rmin, t h e  
minimum value   o f  r f o r  which t h e   e r r o r   i n   t h e   l i n e a r   i n t e r p o l a t i o n   o f  r i s  
less than Mor, where  or i s  eva lua ted   fo r   t ype  1 measurements. The value  of  
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rmin i s  a funct ion  of   the  as t rodynamic  constant  p, t h e   o r b i t a l   e c c e n t r i c i t y ,  
e ,  t h e   s t a n d a r d   d e v i a t i o n  of random measurement e r r o r s ,  0 ,  and A t ,  which i s  
h a l f   t h e  time between  the  observat ions  being  interpolated.  The computation  of 
rmin r equ i r e s   t he   a s s ignmen t   o f   va lues   t o   t he   va r ious   pa rame te r s   i nvo lved .  
The va lue   o f  p f o r   t h e   E a r t h  was used  s ince it g i v e s   t h e   l a r g e s t   v a l u e   o f  
rmin o f  any  major  body in   t he   so l a r   sys t em  ( see   append ix  C ) ,  10 arc s e c  was 
used   fo r  0 and  values  of e were  used  which  cover  the  range  of  values 
l i k e l y   t o   b e   e n c o u n t e r e d   i n  manned s p a c e   f l i g h t .  

The d a t a   i n   r e f e r e n c e  8 i n d i c a t e   t h a t   s e x t a n t   ( s i n g l e   a n g l e )  measurements 
of   the same angle  can  be  repeated on the  average a t  in te rva ls   o f   about  one min- 
u t e .   S i n c e   t h e   a l t e r n a t e  measurement o f   d i f f e r e n t   a n g l e s  o r  the  s imultaneous 
measurement  of  two  angles w i l l  r e q u i r e  more time, rmin was eva lua ted   fo r  A t  
of  1 , 2 3 ,  4 ,  and 5 minutes.  

Figure  17 shows t h e   r e s u l t i n g   v a l u e s   o f  rmin f o r  M = 0 . 1 ,   p l o t t e d  as 
a funct ion  of  A t  f o r   v a r i o u s   v a l u e s   o f  e .  I t  was found (eq. (D9)) t h a t  
rmin i s  a func t ion   of  eAt2/Ma SO t h a t   t h e   d a t a  can  be  used  for   other   values  

e.100 

e =  5 0  

e =  2 0  

e =  I O  

e = .5 

e = .2 

e = _ I  

e = ,001 

Figure 17.- Minimum  radius for which linear interpolation 
error of radius is less than 0.1 Or. 

40 minutes ,   respect ively,   f rom  per igee.  

o f   e ,  M y  0 ,  o r  A t .  For example,  the 
curve shown f o r  e = 1.0  and M = 0 . 1  
i s  t h e  same as f o r  e = 10  and 
M = 1.0 .  

I f  A t  i s  5 minutes,  M = 0 . 1  
and e = 0.98,   the   equivalent   of  a 
l u n a r   t r a j e c t o r y ,   t h e n  rmin X 11 Earth 
r a d i i  , while  i f  A t  can  be  reduced 
t o  1 minute  rmin 5 E a r t h   r a d i i .  
Al though  these  are   ra ther   large  dis-  
t ances  , they are only 4 . 3  hours and 
1 . 7   h o u r s ,   r e s p e c t i v e l y ,  from pe r igee  
and r > rmin f o r  most o f   t he  t ra -  
j ec to ry .   Th i s  i s  a l s o   t r u e   f o r  
e = 10 i n  which case  rmin z 2 0  Earth 
r a d i i  f o r  A t  = 5 minutes  and 9 Earth 
r a d i i   f o r  A t  = 1 minute.  These  dis- 
tances  are  about  1.7  hours  and 
T h u s ,   l i n e a r   i n t e r p o l a t i o n   o f  r will 

produce   negl ig ib le   e r rors   over   the   major   por t ions   o f   bo th   lunar   and   in te rp lan-  
e t a r y   t r a j e c t o r i e s .  For n e a r - p l a n e t   o r b i t s ,  where r 4,  i n t e r p o l a t i o n  may 
be   the   major   source   o f   e r ror   un less  e i s  very small. For example, i f  
r = fi, e = 0.1  and A t  = 5 m i n u t e s ,   t h e   i n t e r p o l a t i o n   e r r o r  would  exceed  the 
measurement e r r o r  by about a f a c t o r   o f  50. T h i s   f a c t o r   d e c r e a s e s   l i n e a r l y  
with e and with  the  square  of  A t ,  b u t   t h e r e  are many combinations of  r ,  e ,  
and A t  i n   t he   r ange   cons ide red   fo r   t hese   pa rame te r s   fo r  which t h e   i n t e r p o l a -  
t i o n  i s  the   dominant   source   o f   e r ror .   This   fac t   does   no t   necessar i ly   p rec lude  
t h e   u s e   o f   l i n e a r   i n t e r p o l a t i o n   f o r   n e a r - p l a n e t   o r b i t s ,  however,  because  the 
e r r o r  due t o  measurement inaccuracy   fo r   t he  model assumed i n   t h e   s t u d y   a r e  
q u i t e  small n e a r   t h e   p l a n e t .  

IntezTpoZation of y- The p o s i t i o n   e r r o r  due t o   t h e   l i n e a r   i n t e r p o l a t i o n  
of y i s  normal t o   t h e   r a d i u s  and  contains   c tn  $o (eq.   (D31)) ,   but   s ince  the 
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r ad ia l   po r t ion   o f   t he  measurement 
e r r o r  i s  usually  dominant,  it should 
a l so   be   cons ide red   i n   eva lua t ing   t he  
i n t e r p o l a t i o n   e r r o r .   T h e r e f o r e ,  two 
expressions were found  (eqs. (D32) 
and  (D34)) f o r  which the   i n t e rpo la -  
t i o n   e r r o r  will not  exceed 
M40r2 + 0 ~ 2 ;  t he   va lue   o f  J O T 2  + On2 
f o r   t y p e  5 was used   s ince  i t  i s  
usua l ly  smaller than   t ha t   fo r   t ype   4 .  

The va lue   o f  rmin i n   t h i s   c a s e  
i s  a func t ion   o f   s in  B as wel l  as 
e ,  M y  (5, and A t 2 ,  and t h e  l a s t  t h r e e  
terms o c c u r   i n   t h e  e r e s s i o n   f o r  
rmin i n   t h e  form A t  9 /Mu. Thus a 
s ingle   curve   represents  a family of 
values  of  M y  0, and A t ,  bu t  e and 
s i n  B e n t e r   i n  a more complicated 
form. 

The resul t ing  values   of   rmin 
a r e   p l o t t e d   i n   f i g u r e  18 f o r  two d i f -  
f e r en t   va lues   o f   s in  B.  For  given 
values   of  e and p, rmin i s  gener- 
a l l y   l a r g e r   t h a n   t h e   c o r r e s p o n d i n g  
va lues   i n   f i gu re   17 .  I f  t h e   d a t a  
from f i g u r e   1 7   a r e   u s e d   i n   t h e   p r e -  
vious  example, i t  i s  found t h a t   f o r  
t h e   l u n a r   t r a j e c t o r y ,   w i t h  M = 0.1 ,  
s i n  B 2 0 . 5  and A t  = 5 minutes , rmin 
occurs   about   7 .7   hours   f rom  per igee,  
and i f  A t  i s  reduced   to  1 minute, 
t he  time i s  about 3 hours .   For   the 
h igh   eccen t r i c i ty   ( e  = 10) t r a j e c t o r y  
the   t imes   a r e   1 .8   hour s  and 45 min- 
u t e s ,   r e spec t ive ly .   Fo r   sma l l   va lues  
o f   s i n  B these   t imes  become l a r g e r ,  
bu t  i f  stars can  be  chosen t o  keep 
s i n  B l a r g e ,  it should   be   poss ib le  
t o   u s e   l i n e a r   i n t e r p o l a t i o n   f o r  y 
wi th   l una r   and   i n t e rp l ane ta ry   t r a j ec -  
t o r i e s .  Fo r   nea r -p l ane t   o rb i t s ,   t he  
valses of  rmin are r e l a t i v e l y   l a r g e  
compared t o   t h o s e   i n   f i g u r e   1 7 ,   b u t  
t h e   a b s o l u t e   e r r o r s  due t o   l i n e a r  
i n t e r p o l a t i o n  a t  these  ranges are 
small and may be   acceptab le .  

Potentia2 a p p  Zication- The d a t a  
ju s t   p re sen ted   have  shown t h a t  a t  
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s u f f i c i e n t l y   l a r g e   r a n g e s   t h e   l i n e a r - i n t e r p o l a t i o n   e r r o r  i s  n e g l i g i b l e  
compared t o   t h a t   r e s u l t i n g  from  measurement e r r o r s   o f  10 arc s e c   s t a n d a r d  
devia t ion .   This  fact  i m p l i e s   t h a t  a t  such  ranges it would be   r easonab le   t o  
use   the  alternate schedu les   fo r   t ype  5, which  employ only l inear  i n t e r p o l a t i o n ,  
as d e s c r i b e d   i n   t h e   s e c t i o n  on measurement types .  I t  was p o i n t e d   o u t   i n   t h e  
s e c t i o n  on e r r o r   a n a l y s i s  methods t h a t   t h e   e r r o r s  from t h e   a l t e r n a t e   s c h e d u l e s  
are about   the same as those   fo r   t ype  2 ,  thus   comparing  favorably  with  the  regu-  
l a r  type  5 schedule.   Furthermore,  some e r r o r  due t o   l i n e a r   i n t e r p o l a t i o n   o f  
r i s  present  even when Gibb's method i s  used   fo r   t ype  5.  The l i n e a r -  
i n t e r p o l a t i o n   e r r o r s  would,  of  course, become r e l a t i v e l y  more important  i f  t h e  
in s t rumen t   e r ro r s  were r e d u c e d   s i g n i f i c a n t l y   o r  i f  i n t e r p o l a t i o n   i n t e r v a l s  
(2At) were l a rge r   t han  10 minutes. However, t h e s e   r e s u l t s  make t h e   a l t e r n a t e  
schedu le   po ten t i a l ly   ve ry   a t t r ac t ive .  

Veloc i ty   Er rors  

Once the  posi t ion  vectors   have  been  obtained a t  two d i f f e r e n t  times, the  
v e l o c i t y  i s  obtained by interpolat ion  using  Gibb 's   method.   Linear   interpola-  
t i o n   c o u l d   a l s o   b e   u s e d   t o   o b t a i n   v e l o c i t y ,   b u t ,   f o r   r e a s o n s   t o   b e   d i s c u s s e d  
l a t e r ,  it i s  not  considered  accurate  enough. The  two major   sources   of   error  
i n   ve loc i ty   a r e   t he   i naccuracy   o f   t he   i n t e rpo la t ion   fo rmula  and random measure- 
ment e r r o r s ,   t h e  measurement b i a s   e r r o r s   i n   v e l o c i t y   b e i n g   z e r o .  The s tandard  
dev ia t ion ,   ov ,   o f   t he   ve loc i ty   e r ro r  i s  approximately  (see  eq.   (28)) 
Jor2 + on2/ f i  A t .  S i n c e   t h i s  i s  the   ca se ,   t he   da t a   p re sen ted   fo r   t ype  1 pos i -  
t i o n   e r r o r s   i n   f i g u r e  3 can  be  used f o r   v e l o c i t y   e r r o r s  by d i v i d i n g   t h e   v e r t i -  
ca l   s ca l e   by  16 A t .  The r a t io s   o f   t he   s t anda rd   dev ia t ions  of  v e l o c i t y   e r r o r s  
f o r   t y p e s  2 ,  3 ,  4 ,  and 5 t o   t h a t   f o r   t y p e  1 are t h e  same as t h e   r a t i o s   f o r   t h e  
c o r r e s p o n d i n g   p o s i t i o n   e r r o r s   g i v e n   i n   f i g u r e s  4 through 1 2 .  

The r ema inde r   o f   t h i s   s ec t ion  i s  concerned  with  the  combination  of 
v e l o c i t y   e r r o r s   r e s u l t i n g  from random measurement e r r o r s  and  from i n t e r p o l a -  
t i o n .  For  t h i s   pu rpose  a f u r t h e r   s i m p l i f i c a t i o n ,  which was po in ted   ou t   i n   t he  
discussion  of  random p o s i t i o n   e r r o r s ,  w i l l  be  made. I t  w i l l  be  assumed t h a t  
Jor2 + on2 for   each  posi t ion  vector ,   can  be  approximated by t h a t   o f   t h e  
r a d i a l   e r r o r   a r i s i n g  from a s ingle   subtense  angle   measurement ,   that  i s ,  
os r C i .  

S i n c e   t h e   i n t e r p o l a t i o n   e r r o r   i n c r e a s e s   w i t h  A t  whi le   the  random 
ve loc i ty   e r ro r   dec reases ,  a value  of  A t  can  be  chosen f o r  which t h e   t o t a l  
v e l o c i t y   e r r o r  i s  minimized. A rough  approximation t o   t h i s  optimum A t  was 
obtained by t r i a l  and e r r o r   f o r  a few sample  Earth  orbi ts  which were chosen t o  
b e   c i r c u l a r   f o r   e a s e   i n   c a l c u l a t i n g   t h e   c o r r e c t  and G .  

Table 7 shows these  approximately optimum values   of  A t ,  a long  with  the 
associated  values   of   oV,  and t h e   e r r o r s  Av i n   v e l o c i t y  and Ar i n  
p o s i t i o n   t h a t  are due t o   i n   e r p o l a t i o n .   I n   t h e   t a b l e  t2 denotes   the   cen ter  
o f   t he   i n t e rpo la t ion   i n t e rva l   wh i l e   t he   e r ro r s  a t  t g  app ly   t o   e i t he r   end   o f  
t he   i n t e rva l ,   Ar ( tg )   be ing   omi t t ed   s ince  i t  i s  zero .  The e r r o r   q u a n t i t i e s  are 
expressed  in   meters   per   second and k i lometers .  The s t anda rd   dev ia t ion   o f  

2 ' 
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TAB LE 

I', 
e a r t h  
r a d i i  

m m 
m 
m 

10 

100 
-~ . .  

I '.- COMPARISON OF RANDOM ERRORS WITH INTERPOLATION ERRORS 

A t ,  
min 

1 
5 

10 
50 

500 
5000 

Standard   devia t ions  
of  random e r r o r s  

(JV , 
m / s  

7 .3  
1 .5  
4 .8  

10.3 
10.3 
10.3 

(J ( t2 )  J 

'krn 

0 .31 
0.31 
2.0 
22 
220 
2.2 0 0 

(Jp ( t 3 )  Y 

km 

0.44 
0.44 
2.9 
31 
3 10 
3100 

I n t e r p o l a t i o n   e r r o r s  from 
Gibb ' s method 

Ar ( t2 )  Y 

km 

0 
6 
1 
2 

80 
2510 

Av(t3) Y 

m/ s 

1 . 3  
25.0 

3.2 
1 .8  
8 . 1  

14.0 

ins t rument   e r rors  i s  assumed t o   b e  10 arc sec ,  and t h e   i n t e r p o l a t i o n   e r r o r s  
were c a l c u l a t e d   t o  an accuracy  of  about  0.1 m/s and 1 . 0  km. 

The t o t a l   p o s i t i o n   e r r o r   ( r o o t  sum square  of  random and i n t e r p o l a t i o n  
e r r o r s )  i s  sma l l e r  a t  t h e   c e n t e r   o f   t h e   i n t e r v a l   e x c e p t  when r = and 
A t  = 5, and i n  no  case i s  it much g rea t e r   t han  1 percent  of t h e   t o t a l   p o s i t i o n  
vec tor .  The t o t a l   v e l o c i t y   e r r o r  i s  a l s o   s a t i s f a c t o r y   b o t h  a t  the   ends  and 
t h e   c e n t e r   o f   t h e   i n t e r v a l ,   b u t  i t  i s  much sma l l e r  a t  t h e   c e n t e r ,   i n d i c a t i n g  
t h a t   i n t e r p o l a t i o n   t o   t h e   c e n t e r   o f   t h e   i n t e r v a l  i s  p r e f e r a b l e .  

The e r r o r s   i n   v e l o c i t y  which arise from t h e   u s e   o f   l i n e a r   i n t e r p o l a t i o n  
were a l s o   c a l c u l a t e d  a t  t he   cen te r  and  end  of   the  interval  and found t o  exceed 
the   cor responding   e r ror  from  Gibb's method  by  one o r  two orders  of  magnitude. 
Thus acceptable   accuracy  might   be  obtained  near   the  center   of   the   interval ,  
b u t   l i n e a r   i n t e r p o l a t i o n  i s  not  a g e n e r a l l y   s a t i s f a c t o r y  method for  computing 
v e l o c i t y .  

A t  the   smal le r   va lues   o f  r t h e   i n t e r p o l a t i o n   i n t e r v a l s  (2At)  used i n  
t a b l e  7 would be   no   g rea te r   than   the   t ime  requi red   for  two sets of   observa-  
t i o n s ;   b u t   f o r   l a r g e r   v a l u e s   o f  r the   t ime   i n t e rva l  becomes much g r e a t e r .  
For  example, when r = 10, A t  i n   t a b l e  7 i s  50 minutes,  and i f  A t  were 
reduced   to  10 minutes  aV  would  be  about 50 m / s  o r   about  2 pe rcen t   o f   t he  
t o t a l   v e l o c i t y .   F o r  r = t he  random e r r o r   f o r  A t  = 10  minutes  would 
exceed  0.5 km/s.  The p o s i t i o n   e r r o r s  a t  the   l a rge r   r anges   appea r   t o   be   r a the r  
l a r g e ,   b u t   t h e   r o o t  sum square  o f  random and i n t e r p o l a t i o n   e r r o r s  i s  l e s s   t h a n  
1 percent  of  t h e   t o t a l   r a n g e .  

Equ iva len t   da t a  were n o t   o b t a i n e d   f o r   o r b i t s  of h i g h e r   e c c e n t r i c i t y   w i t h  
the   except ion   of   one   parabol ic  case. The i n t e r p o l a t i o n   e r r o r s  i n  t h i s   c a s e  
are somewhat h i g h e r   t h a n   f o r   t h e   c i r c u l a r   o r b i t ,   b u t  a marked r e d u c t i o n   i n  
v e l o c i t y   e r r o r s  i s  obta ined  by u s i n g   l a r g e   t i m e   i n t e r v a l s   i n   t h i s   c a s e   a l s o .  
For s t i l l  h i g h e r   e c c e n t r i c i t i e s   t h e   o r b i t  i s  e s s e n t i a l l y   l i n e a r  a t  long  ranges 
and t h e   v e l o c i t y   i n t e r p o l a t i o n   e r r o r s  w i l l  b e   q u i t e  small, a g a i n   i n d i c a t i n g  
t h e   d e s i r a b i l i t y  o f  l a r g e   i n t e r p o l a t i o n   i n t e r v a l s .  
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The r e s u l t s   j u s t   d i s c u s s e d   i n d i c a t e   t h a t  a l l  o f   t h e  measurement types ,  
except   poss ib ly   type  4,  can   p rov ide   s a t i s f ac to ry   p re l imina ry   t r a j ec to r i e s ,  
provided  the  t ime  interval   between  the two p o s i t i o n   f i x e s  i s  chosen  properly.  
For r > fi, A t  should  be 10  minutes  or more and the  extended  schedule  would 
b e   o f  l i t t l e  v a l u e .   A l s o ,   t h e   i n t e r p o l a t i o n   s h o u l d   b e   t o  a t ime  near   the  
center   o f   the   in te rva l   even   though  th i s   choice   reduced   the   ve loc i ty   e r ror  a t  
the  expense  of some i n c r e a s e   i n   p o s i t i o n   e r r o r .  I f  r > 10,   the  time i n t e r v a l  
r equ i r ed   t o   r educe   t he  random v e l o c i t y   e r r o r  i s  s o  l a r g e   t h a t  it would  be  best 
t o   t ry   t o   r educe   t he   pos i t i on   e r ro r   w i th   r edundan t   da t a   be fo re   a t t empt ing   t o  
determine  veloci ty .  The development  of  such a scheme,  however, i s  beyond t h e  
scope   o f   t h i s   s tudy .  

For   near-planet   orbi ts ,   where r < 4 ,  t h e   i n t e r p o l a t i o n   e r r o r  from  Gibb's 
method i s  not   excess ive  if t h e   i n t e r p o l a t i o n   t i m e  i s  n e a r   t h e   c e n t e r   o f   t h e  
i n t e r v a l .   L i n e a r   i n t e r p o l a t i o n  would be   the   major   source   o f   e r ror ,   and   th i s  
error   could  probably  be  constrained  within  acceptable   bounds.  

Near-Planet  Orbits 

The d a t a   p r e s e n t e d   h a v e   b e e n   r e s t r i c t e d   t o  r 6 and s p e c i a l  
cons idera t ion  must be   g iven   t o  cases with r < 6. I n   t h i s   c a s e   t h e   s u b t e n s e  
angle  exceeds 90' and t h e   p l a n e t   d i s k  f i l l s  t h e   f i e l d   o f  view considered  in  
ca lcu la t ing   da ta ,   thereby   exc luding  a l l  o f   t h e  measurement  types  except  type 3 
While it i s  theo re t i ca l ly   poss ib l e   t o   measu re   ang le s   l a rge r   t han  90°, it i s  
quest ionable   whether  i t  would b e   p r a c t i c a l   t o  measure  subtense  angles  of much 
larger   magni tude.  

Since  type 3 measurements do n o t   r e q u i r e  a view o f  the  complete   disk  they 
can  be  used  at  small values  of r ,  bu t   t he   ang le  B y  sepa ra t ing   t he   p l anes  
def ined by r and t h e   u n i t   v e c t o r s   t o   t h e  two s t a r s ,  must be   l e s s   t han   t he  
a r c  of  t h e   p l a n e t ' s   d i s k   l y i n g   i n   t h e   p r i m a r y   f i e l d   o f   v i e w .  The f i e l d   o f  
view o f   t he   t r i s ex tan t   cou ld   p robab ly   be   i nc reased   subs t an t i a l ly  from t h e  3' 
of   t he   i n s t rumen t   desc r ibed   i n   r e f e rence  7 ,  and i f  suf f ic ien t   accuracy   could  
be  obtained,   type 3 measurements  would  be a t r a c t i v e   f o r   u s e   i n   n e a r - p l a n e t  
o r b i t s .  These  measurements i n   e f f e c t  combine t h e   s e x t a n t  and s tad imeter  
measurements  of r e fe rence  3, and it should   be   poss ib le   to   deve lop  a similar 
manual  computation method f o r  a l imi t ed   r ange   o f   eccen t r i c i t i e s .  The p r a c t i -  
ca l i ty   o f   such  a system  depends,  of  course, upon the   ea se  and  accuracy  of 
making t h e  measurements f o r  r < 16.  

- 

CONC LUS IONS 

An e r ro r   ana lys i s   has   been   ca r r i ed   ou t   fo r   de t e rmin ing   p re l imina ry  
t r a j e c t o r i e s   u s i n g   f i v e   d i f f e r e n t   t y p e s  of  measurements. The measurement 
type  ( type 1) consis t ing  of   s imultaneous  measurements   of   the   r ight   ascension,  
dec l ina t ion  and subtense  angle   of   the   planet   has   been  used as a standard  of 
comparison. The following  conclusions  can  be drawn from t h e   r e s u l t s   o f   t h e  
s tudy : 
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1. If  t h e  stars u s e d   i n   t h e  measurements  can be  chosen  properly,  two of  
the  remaining  methods,   the  photographic method (type 2 )  and t h e   t r i s e x t a n t  
( type 3) need a s i n g l e  measurement t o   p r o v i d e  a p o s i t i o n   f i x   h a v i n g   e r r o r s  
wi th in  a f a c t o r   o f  two of   the  s tandard  of   comparison.  

2 .  S imi l a r   r e su l t s   can   be   ob ta ined   u s ing  a s tandard   space   sex tan t  
( type 5) t o  make seven  angular   measurements   and  interpolat ing  to   achieve a 
common epoch. 

3.  The measurement  type  (type 4)  which makes simultaneous  measurements 
of   one  s tar- l imb  angle   and  the  subtense  angle  a t  t h r e e   d i f f e r e n t   t i m e s  and 
i n t e r p o l a t e s  i s  l e s s   accu ra t e   t han   t he   o the r s  and o f f e r s  l i t t l e  advantage. 

4. I t  i s  b e s t  t o  choose stars such   t ha t   t he   p ro j ec t ion   o f   t he   r ad ius  
vec to r  F on to   t he   p l ane   o f   t he  two stars l ies  i n   o r   n e a r   t h e  smaller angle  
between  them. 

5.  The proper   choice  of  stars would be  enhanced by i n c r e a s i n g   t h e  
maximum measurable  angle from t h e   p r e s e n t  5 5 + O  t o  90'. 

6.  For  magnitudes  of  greater  than fi p l a n e t   r a d i i  and proper ly  
chosen s ta rs ,  t h e  random pos i t ion   e r ror   can   be   approximated   roughly  by t h e  
r a d i a l   e r r o r  from a single  subtense  angle  measurement.  The random v e l o c i t y  
e r r o r  i s  rough ly   t he   pos i t i on   e r ro r   d iv ided  by h a l f   t h e   t i m e   i n t e r v a l  between 
t h e  two pos i t i on   vec to r s   u sed   t o   de t e rmine   t he   ve loc i ty .  

7.  Bias e r r o r s ,   p a r t i c u l a r l y   t h o s e  due to   i r rad iance ,   can   be   very  
important   and  every  effor t   should  be made to   r educe   t he  unknown b i a s e s  well 
below the   s t anda rd   dev ia t ion   o f   t he  random errors.   For  example,  an instrument  
with a s t anda rd   dev ia t ion   o f  10 a r c   s e c  i s  general ly   regarded as p r a c t i c a l  and 
i t  would b e   d e s i r a b l e   t o   r e d u c e   t h e  unknown b i a s e s   t o  2 . 5  a r c  sec o r   l e s s .  

8. For  reasonably small b i a s   e r r o r s  a t  d i s t ances  from fi t o  200 p l ane t  
r a d i i  from t h e   c e n t r a l   b o d y ,   s a t i s f a c t o r y   p r e l i m i n a r y   t r a j e c t o r i e s   ( p o s i t i o n  
and v e l o c i t y  known wi th in  a few percent)  can  be  found  using  any  of  the  measure- 
ment t ypes ,   p rov ided   su i t ab le  s tars  can  be  chosen. 

9. For a l l  t r a j e c t o r i e s   e x c e p t   n e a r - p l a n e t   o r b i t s   t h e   h a n d - h e l d   s p a c e  
sex tan t   can   p rov ide   s a t i s f ac to ry  measurements for   de te rmining  a pre l iminary  
t r a j e c t o r y .   F u r t h e r m o r e ,   f o r   s u f f i c i e n t l y   l a r g e   r a d i a l   d i s t a n c e s  from t h e  
p l a n e t ,   l i n e a r   i n t e r p o l a t i o n  i s  s u f f i c i e n t   f o r   d e t e r m i n i n g   p o s i t i o n ,   b u t  a 
higher   order   formula  such as t h a t  from  Gibb's method shou ld   be   u sed   fo r  
ve loc i ty .  

Ames Research  Center 
National  Aeronautics  and  Space  Administration 

Moffe t t   F ie ld ,  Cal i f . ,  94035, J u l y  9 ,  1971 
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APPENDIX A 

EQUATIONS FOR POSITION FIX 

I t  is  p o i n t e d   o u t   i n   t h e   t e x t   t h a t  some types  of  measurements  require 
i n t e r p o l a t i o n   t o  refer  the   measured   angles   to  a common epoch. The equat ions 
f o r   t h e   p o s i t i o n   f i x  are der ived   in   th i s   appendix   under   the   assumpt ion   tha t  
t h e   i n t e r p o l a t i h   h a s   a l r e a d y  been   ca r r i ed   ou t   o r ,   equ iva len t ly ,   t ha t  a l l  of  
the  angles  used  were  measured  simultaneously.  

DETERMINATION OF RANGE 

For a l l  f i v e   t y p e s  of  measurements   the   rad ia l   d i s tance ,  r ,  o f   t he   p l ane t  
c e n t e r  from the   spacec ra f t  i s  ul t imately  determined  f rom  the  semisubtense 
angle ,  S ,  as shown i n   s k e t c h  ( d ) .  A l l  t he   equa t ions   i n   t he   r epor t   i nvo lv ing  

Sketch (d) 

r have   been   normal ized   by   def in ing   the   un i t   o f   l ength   to   be   the   rad ius   o f  
t he   obse rved   p l ane t ,   t ha t  i s ,  by s e t t i n g  R equal   to   uni ty .   Consequent ly ,  

COMPUTATION OF THE UNIT VECTOR 

Type 1 Measurements 

Type 1 measurements are d i r e c t  measurements  of RA, D ,  and S ,  and it i s  
shown i n   t h e   t e x t   t h a t  

~1 = COS RA COS D 

u2 = s i n  RA cos D 

u3 = s i n  D 
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Type 2 ,  3,  4 ,  and 5 Measurements 

These  types o f  measurements are d i r e c t  measurements  of  the  star-l imb 
angles  y1 and y2, and,   wi th   the   except ion  o f  type  3 ,  t h e   d i r e c t  measurement 

of  2s.  For  type  3, B i s  measured 
in s t ead   o f  S ,  which  must then   be  
computed from y1, y2, and B. The 
d e t a i l s  of t h i s   computa t ion  w i l l  b e  
d i s c u s s e d   i n   t h e   n e x t   s e c t i o n ,   b u t  
f o r   t h e   p r e s e n t  i t  w i l l  be  assumed 
t h a t  S i s  known. Figure 1 i s  
reproduced f o r  a i d   i n   d e r i v i n g   t h e  
e q u a t i o n s   f o r   t h e  components o f  6 .  

Z 

First the   s t a r - cen te r   ang le s  $1 
and q2 are computed u s i n g   t h e  
r e l a t i o n s h i p  

Star#  I 
$i = y i  + kiS  

X' 

where k i  = 1 f o r  y i  measured t o  
the  limb n e a r e s t   t h e  s t a r  and k; = - 1  
f o r  measurements t o  t h e  f a r  limb: 

The angle ,  4 ,  between t h e  stars i s  taken  f rom  tabulated  data ,  and i t  can  be 
shown by sphe r i ca l   t r i gonomet ry   t ha t  

COS $1 = COS RA COS D 

COS $2 = COS (9 - RA) COS D 

o r  

COS $2 = cos RA cos D cos 4 + s i n  RA cos D s i n  4 ( A 4 1  

S u b s t i t u t i o n   i n  ( A 3 )  and ( A 4 )  f o r   c o s  RA cos D and s i n  RA cos D from 
equat ions ( A 2 )  g ives  

Since ii i s  a u n i t   v e c t o r  

Combining equat ions ( A 5 ) ,  ( A 6 ) ,  and ( A 7 )  i n t o  a s ing le   vec to r   equa t ion   g ives  
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- 
u =  

Special   Computation  for Type 3 

I n   t h e  case of  type 3 measurements, y 1 ,  y 2 ,  and B are measured 
s imultaneously,  and S must be   ca l cu la t ed .  The law o f   c o s i n e s   f o r   s p h e r i c a l  
t r i a n g l e s   g i v e s  

I t  can  be shown t h a t   s i n c e  k i  = tl 

s o  t h a t  

Expanding the   t r igonometr ic   func t ions   o f  sums o f   a n g l e s   i n   e q u a t i o n  (A10) 
with  the  appropriate   formulas   gives  

cos (e = (cos k l y l  cos  k2y2 + k l k 2  s i n  k l y ,  s i n  k2y2 cos  B)cos2 S 

- ( s i n  k ,y l  cos k2y2 + cos k ,y l  s in   k2y2)   (1  - klk2  cos  B)sin S cos S 

+ ( s i n  k l y l  s i n  k2y2 + k l k 2  cos k,y,  cos k2y2 cos  B)sin2 S (A1 1)  

We n o t e   t h a t  
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cos2 s = 1 + cos 2s 
2 

1 - cos 2s 
2 s i n 2  s = 

s i n  S cos S = 
s i n  2s 

2 1 
s o  t h a t  

Once equat ion (A13) has  been  solved  for S we can  compute $1 and  $2  and use 
equat ions (AS) and (A6j f o r  u1 and u2.  Equation (A8j can  be  used f o r  u3 o r  
t h e  law o f   s i n e s   f o r   s p h e r i c a l   t r i a n g l e s   c a n   b e   u s e d   t o  show t h a t  

s i n  JI1 s i n  Q2 s i n  
s i n  B s i n  D = 

s o  t h a t  

s i n  $ 1  s i n  Q2 s i n  + 
u3 = ? sin- B 

Equations (AS)  (A6) and (A14) 

- 
u =  

can  be combined t o   g i v e  

cos $2 - cos $1 cos 
s i n  + 

t s i n  $2 s i n  $1 s i n  B 
- s i n  4 

Equations (A8) and (A15) are equivalent   and  the one to   be   u sed   fo r   t ype  3 
measurements  could  be  chosen f o r  ease in   computat ion.  
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APPENDIX B 

INTERPOLATION FORMULAS FOR POSITION AND 

VELOCITY FROM GIBB'S METHOD 

Fol lowing  the  approach  given  in   reference 9 (p. 147),  we expand t h e  
p o s i t i o n   v e c t o r ,  7 ,  i n  a s e r i e s   i n   t i m e  as fo l lows:  

We assume t h a t   E ( t 1 )  and r ( t3 )   have   been   ca l cu la t ed  from  measurements  and 
wish to   de t e rmine   F ( t2 )  by means of in te rpola t ion .   For   convenience  assume 
t h a t  t 2  = 0 and write 

F ( t l )  = a + E t 1  + 2 1 2  + ;It1 

T( t2)  = a 
? ( t 3 )  = a + E t 3  + E t 3 2  + a t 3 3  3 l  

Different ia t ion  of   equat ion  (Bl)   twice and eva lua t ion  a t  t l ,  t2 ,   t3  
gives  

where x i s  the   vec to r   o f   g rav i t a t iona l   fo rce   ac t ing  on t h e   s p a c e c r a f t ,  which 
can  be  calculated i f   t h e   c o r r e s p o n d i n g  F (plus  necessary  ephemeris  informa- 
t i o n   i n  n-body cases)  i s  known. Therefore  A(t2) i s  unknown, but   the  first 
and t h i r d  of  equations (B3) can  be  solved  for  and a i n  terms  of known 
q u a n t i t i e s   t o   g i v e  

and  from equat ions ( B 2 )  

[ F ( t 3 )  - T ( t l ) ]   ( t 3  - t l )  = 6 ( t 3  - t l >  + C(t32  - t12> + d ( t 3 3  - t 1 3 >  (BS) 
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We can   so lve   for  a by s u b s t i t u t i n g   f o r  6 ,  E ,  and a i n   t h e   e q u a t i o n   f o r  
e i t h e r   ? ( t l )   o r   E ( t 3 )   g i v i n g  

Note tha t   equa t ion  (B6) can   be   so lved   wi th   e i ther  t l  o r  t 3 -  s e t   e q u a l   t o  t 2 ,  
which has   been   taken   to   be   zero ;   tha t  i s ,  given  F( t1)   and  r ( t3)   Gibb 's  method 
can b e  used t o   f i n d   t h e   v e l o c i t y  a t  e i t h e r  end o f  t h e   i n t e r v a l .  I n  t h i s  case 
in t e rpo la t ion   o f  F i s  unnecessary,  and t h e   s o l u t i o n  o f  equat ion (B7) i s  
t r i v i a l .  
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APPENDIX C 

FORMULAS FOR EVALUATING MEASUREMENT  ERRORS 

This  appendix i s  d i v i d e d   i n t o   f o u r   s e c t i o n s .  The f irst  s e c t i o n  shows 
t h a t   t h e   a c c e l e r a t i o n  terms r e s u l t i n g  f rom  Gibb ' s   in te rpola t ion  method  can  be 
n e g l e c t e d   i n   c o m p u t i n g   t h e   e r r o r s   i n   p o s i t i o n  and v e l o c i t y .  The nex t   s ec t ion  
g ives   der iva t ions   o f   the   formulas   used   for   eva lua t ing   pos i t ion   e r rors   resu l t -  
ing  from  measurement e r r o r s  when only enough d a t a  are ob ta ined   fo r  a s i n g l e  
p o s i t i o n   f i x .  The th i rd   s ec t ion   p re sen t s   de r iva t ions   o f   equ iva len t   fo rmulas  
for   the   ex tended   schedules .   F ina l ly   equat ions  are developed   for   eva lua t ing  
the   e r ro r s   i n   de t e rmin ing   ve loc i ty .  

SIMPLIFICATION OF ERROR FORMULAS FOR G I B B ' S  METHOD 

The pu rpose   o f   t h i s   s ec t ion  i s  t o  show t h a t   t h e   a c c e l e r a t i o n  terms from 
Gibb's method can   be   neglec ted   for   the   purposes   o f   comput ing   e r rors   resu l t ing  
from  instrument   inaccuracies .  We d i f f e r e n t i a t e   e q u a t i o n s  (7)  and (10)  t o   g e t  

(C 1) 
and 

I f   c o n i c   o r b i t s   a r e  assumed  and 
- - 
r = r u  

then 

and 

S u b s t i t u t i o n   f o r   & ( t i )  and d E ( t i )   i n   ( C l )  and (C2) g ives  
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where 

We wish t o  know  when t h e  P i  a r e   n e g l i g i b l e   w i t h   r e s p e c t   t o   u n i t y .  I f  we l e t  
t l  = t 3  - 2 A t ,  t he reby   de f in ing  2 A t  as   the   in te rva l   be tween t l  and t 3 ,  
then 0 G t 3  < 2At  and 

Therefore  we wish t o  know when 8pAt2/3r3 i s  n e g l i g i b l e  compared t o   u n i t y .  

The va lues  of  1-1 f o r  the   ma jo r   bod ie s   i n   t he   so l a r   sys t em,   i n   un i t s   o f  
(p l ane t   r ad i i )3 / sec2 ,  are t abu la t ed  below i n   o r d e r   o f   d e c r e a s i n g  s ize .  
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Body 1-1 ( p l a n e t   r a d i i )  3/sec2 

E a r t h   1 . 5 4 ~ 1 0 - ~  

Mercury 1 . 4 9 ~ 1 0 - ~  

Venus 1 . 3 7 ~ 1 0 - ~  

Mars 1 . 1 8 ~ 1 0 - ~  

Moon 0 . 9 9 3 ~ 1 0 - ~  

Neptune 0 . 4 0 3 ~ 1 0 - ~  

Sun 0 . 3 9 4 ~ 1 0 - ~  

J u p i t e r   0 . 3 4 9 ~ 1 0 - ~  

Uranus 0 . 2 8 0 ~ 1 0 - ~  

Saturn  0.112x10-6 

T h i s   t a b l e  shows t h a t   t h e  maximum value o f  1-1 i s  t h a t   o f   t h e   E a r t h   s o   t h a t  

8LlAt2 < 4.11x10-6 - A t 2  
3 r  r 3  

If t he   acce le ra t ion  term i s  t o   b e   l e s s   t h a n   0 . 1 ,   t h e n ,   i n   s e c o n d s ,  

A t  < 156 r 3 I 2  

and f o r  r = fi t h e   i n t e r v a l  (2At)  Setween t l  and t 3  i s  about 8 . 4  minutes.  
This would r e q u i r e  two type  3 measurements  no more than 8 .4  minutes   apar t  
while  two independent sets of  type 5 measurements  would r e q u i r e   t h e   i n d i v i d u a l  
measurements t o   be   abou t  1 minute  apart .   For r = 2 ,  A t  i s  i n c r e a s e d   t o  
7 minutes ,   requi r ing   type  5 measurements a t  2 minu te   i n t e rva l s .  I f  i n t e r p o l a -  
t i o n  i s  c a r r i e d   o u t   t o   t h e   c e n t e r   o f   t h e   i n t e r v a l ,   t h e  maximum a c c e l e r a t i o n  
term i s  reduced t o  u A t 2 / r 3  and A t  i s  increased  by 60 percent .   Therefore ,  
even f o r   n e a r   p l a n e t   o r b i t s ,  it i s  r e a s o n a b l e   t o   n e g l e c t   t h e   a c c e l e r a t i o n  
terms i n  most cases.  Equations  (Cl)  and (C2) may be   wr i t t en  

dG(t2) = 
dF(t3)  - d ? ( t l )  

t 3  - t l  
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POSITION ERRORS FOR REGULAR SCHEDULES 

I n   t h e   t e x t   t h e   r a d i a l  and  normal  components of  t h e   p o s i t i o n   e r r o r  due t o  
measurement b i a s  are def ined  as b r  and  bn,   respect ively.  To compute br  and 
bn s e t   t h e  random measurement e r r o r s   e q u a l   t o   z e r o   i n  which case 

b r  = d r  

and (see  eq.   (13)) 

bn = rJdu12 + du22 + du32 

the   equat ions   for   b r ,   bn ,  O r  and an   a re   der ived  by subs t i tu t ing   the   measure-  
ment b i a ses  and  random e r r o r s   i n t o   t h e   a p p r o p r i a t e   d i f f e r e n t i a l s  as shown i n  
the  fol lowing  paragraphs.  

Type 1 Measurements 

For t h i s   t y p e   o f  measurement 

r = csc  S 

and d i f f e r e n t i a t i o n   g i v e s  

d r  = c t n  S c sc  S dS = -rJr2 - 1 dS 

From equat ions (14)  i n   t h e   t e x t  

ds = 6 s  + b I  + bs 

Therefore ,  

E (dr2)  = [ os2  + (bI + b s ) 2 ] r 2   ( r 2  - 1) 

and 

so  t h a t  

br = - ( b I  + bs)r / r2  - 1 

or = o s r G  
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From equat ions (2)  i n   t h e   t e x t  

UI = COS RA COS D 

u2 = s i n  RA s i n  D 

u3 = s i n  D 

D i f f e r e n t i a t i n g   a n d   s u b s t i t u t i n g   f o r  dRA and dD gives  

dul = - ( 6 ~  + bRA)s in  RA cos D + (613 + bD)COS RA s i n  D 

du2 = ( A R A  + b m ) c o s  RA cos D - (61) + bD)Sin RA s i n  D 

d ~ 3  = ( 6 ~  + bD)COS D 

so t h a t  

dUI2 + d ~ 2 ~  + d ~ 3 ~  = ( 6 ~  + bD)2 + ( 6 ~  + b m ) 2  Cos2 D 

t h e r e f o r e  

and 

bn = rhD2 + b m  2 cos2 D 
" __ 

Basic   Equat ions  for  Types 2 ,  3,  4,  and 5 

A l l  the   types  of  measurements  except  type 1 use   t he  same b a s i c   p o s i t i o n  
f i x   e q u a t i o n s ,  namely (C7) and 

u1 = cos $1 (C13) 

I t  i s  shown i n  appendix A t h a t   f o r   t y p e  3 we can  a lso write 

s i n  $1 s i n  $2 s i n  B 
u3 = 5 s i n  @ 

b u t   t h e   d e r i v a t i v e   o f   t h i s   e x p r e s s i o n  and t h a t  of (C15) are i d e n t i c a l  so  only 
(C15) w i l l  be   considered.  
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The e x p r e s s i o n   f o r   d r  i s  given i n  equat ion (C8) and d i f f e r e n t i a t i n g  
equations  (C13), (C14) , and (C15) g ives  

From equat ions 

du12 + duZ2 

(C15) and (C18) 

+ du32 = - [ ( l  - ~ 2 ~ ) d ~ 1 ~  + (1 - ~ 1 ~ ) d ~ 2 ~  + 21.11~2 du1  du21 1 

u32 

S u b s t i t u t i n g   f o r   d u l  and  du2  from (C16) and (C17) g ives  

du12 + duZ2 + d ~ 3 ~  = - ( d2$1 s i n 2  $ 1 [  (1 - ~ 2 ~ )  + (1 - u l 2 ) c t n 2  4 
u32 

I f   s u b s t i t u t i o n s   a r e  made f o r   u l  from  (C13),  u2  from  (C14), u3  from 
(A14) and cos 4 from ( A 9 ) ,  equat ion (C19)  i s  r educed   t o  

The appropr i a t e   exp res s ions   fo r   d$ l  , d$2,   and  ds   can  be  subst i tuted  into 
equat ions (C8) and (C20) i n   o r d e r   t o   f i n d   b r ,   b n ,  and  an f o r   t h e  
d i f f e r e n t  measurement  types. 

Type 2 Measurements 

In   th i s   case   measure  yl, y2,  and S simultaneously.  The equa t ion   fo r  
d r  i s  t h e  same as f o r   t y p e  1 so t h a t  (C9) and (C10) are  u s e d   f o r   b r  and O r .  

From t h e   d e f i n i t i o n   o f   t h e   s t a r - c e n t e r   a n g l e s  
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$1 = Y1 + k lS  

$2 = Y 2  + k2S 
(C2 1) 

D i f f e r e n t i a t i n g  and s u b s t i t u t i n g   t h e   d i f f e r e n t i a l s  from equations  (12)  gives 

Subs t i t u t ion   o f  d$l  and d$2 i n t o  (C20) gives  

- On - ~ 

r 
s i n  B [2oY2 + 2oS2(1 - klk2  cos  B)] 

Type 3 Measurements 

With t h i s   t y p e   o f  measurement y1, y 2 ,  and B are measured  and S must 
be  calculated  from  equation  (6)  which i s  

If th i s   exp res s ion  i s  d i f f e r e n t i a t e d ,  it i s  found  tha t  

+ dBklk2 s i n  B [ 2  cos  (klyl  - k2y2) - 2 cos $1 

s i n ( k l y 1  + k2y2 + 2s)  (1 - klk2  cos  B ) 2  

I t  can  be shown from  equations (C21) t h a t  

k l Y l  = k l$ l  - S 

k2Y2 = k2$2 - s  I 
S u b s t i t u t i o n  o f  equat ions (C26) i n t o  (A10) g ives  

(C25) 

cos $ = cos k l $ l  cos k2$2 + k l k 2  s i n   k l $ l   s i n  k2$2 cos B (C27) 
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Equations (C26) and (C27) can  be  used  to   reduce (C25) t o  

s in (k l$ l  - k2$2)  (1 + k1k2 COS B) 
s i n ( k l $ l  + k2$2) (1 - klk2  cos B) 1 

+ 2 s i n  $1 s i n  $2 s i n  B dB 
sin(k1$1 + k2$2) (1  - klk2  cos B) I 

I f  we d e f i n e  

sin(k17jJl - k2q2)  (1 + k1k2  cos B) 
'1 - s i n ( k l $ l  + k2$2)(1 - klk2 cos B) 

- 

and 

then 

and 

d$l = dyl  + k l   d s  = (dyl - dy2)  (1 - pl) - k l p 2  dB 

d$2 = dy2 + k2 ds = ( d Y 2  - k;k2 "'1) (1 + P I )  -k2P2 dB 

S u b s t i t u t i n g   f o r   d y l ,   d y 2 ,  and dB from equations  (12)  gives 

When equat ions (C29) are used  with (C8) and  (C20), i t  i s  found   t ha t  
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on = ” s i n  B y { o 2 [ ( 1  + p 1 2 )  + k lkz (1  - ~ 1 ~ ) c o s  B] 

+ 2 ~ g ~ p 2 ~ ( 1  - klk2 COS B) 

Type 4 Measurements 

This method cons i s t s   i n   measu r ing  S and y1 a t  times t l  and t3  and 
i n t e r p o l a t i n g   t o   f i n d   c o s  Q1 a t  t 2  while  we measure S and y2 a t  t2.  
Therefore  d$2 and  ds   are   the same as f o r   t y p e  2 and  br  and  or  are  given  by 
equat ions (C9) and  (C10). 

Cos $1 ( t2 )  i s  given by equat ion (9)  as 

I t  was shown e a r l i e r   i n   t h i s   a p p e n d i x   t h a t   t h e  term involv ing  u / r 3  can be  
n e g l e c t e d   i n  computing t h e   e r r o r s .  Thus, r ep lac ing  r by l / s i n  S 

D i f f e r e n t i a t e  (C34) and   t hen ,   s ince   r e l a t ive ly  small t i m e   i n t e r v a l s   a r e  
considered,  i t  can  be  assumed t h a t  $1 ( t l )  = $1 ( t3 )  = $1 and S ( t 1 )  = S( t3 )  = S. 
This   g ives  
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Since   t he   b i a ses  are cons tan ts ,   equa t ion  ( C 2 0 )  can   be   used- to   wr i te  
d$1 ( t i )  = [ S I  ( t i )  + b l ]  + k l   [ & , ( t i )  + bs]  and  from equation  (12) 

S u b s t i t u t i o n  of these   express ions   in to   equat ion  (C35) g ives  

From equat ion ( C 2 2 )  

I t  can   be   s een   t ha t   t he   b i a s   t e rms   i n   equa t ion  ( C 3 6 )  a r e   t h e  Same as those   fo r  

t i o n s  ( C 3 6 )  and ( C 3 7 )  i n t o  ( C 2 0 )  gives  
d+ 1 i n   e q u a t i o n s  ( C 2 2 )  so  t h a t  bn i s  given by ( C 2 3 ) .  Subst i tut ing  equa-  

t 3 2  + t 1 2  

( t 3  - t 1 I 2  
+ (kl + c t n  $l  c t n   S ) 2  + 2k2 c t n  $1 c t n  S cos B ] } ( C 3 8 )  

The q u a n t i t y   ( t 3 2  + t 1 2 / ( t 3  - t 1 ) 2 )   v a r i e s  from a maximum o f   u n i t y   f o r  t l  o r  
t 3  e q u a l   t o   z e r o   t o  a minimum o f   0 . 5   f o r  - t l  = t 3  = A t .  S ince   the  l a t t e r  
would  be more n e a r l y   t r u e   i n   p r a c t i c e ,   t h e   r e s u l t s  w i l l  n o t   b e   g r e a t l y  
degraded  by  making th i s   app rox ima t ion ,   i n  which  case 
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I f  $2 i s  i n t e r p o l a t e d   i n s t e a d   o f  $1, it rep laces  $1 i n   e q u a t i o n  (C39). 

Type 5 Measurements 

The s c h e d u l e   f o r   t h i s  method i s  as fo l lows:  

I f   t h e   i n t e r v a l s  between  the ti a r e  assumed equal ,   then   f rom  l inear  
i n t e r p o l a t i o n  

Since r = csc   S ( t4 ) ,   equa t ions  (12)  and (C40) give  

d r  = -r ir- [ 6s(t3)  + W t 5 )  
2 + b~ + bS] 

from  which 

and 

br = - (bI + b s ) r  f i  



Equation (C20) c a n   b e   u s e d   f o r   t h i s   t y p e  of measurement i f  t l ,  t 2 ,  and 
t 3  are rep laced   wi th  t2,  t 4 ,  and t 6 ,  r e s p e c t i v e l y ,  Then using  equa- 
t i o n s  (C40) f o r   t h e   a p p r o p r i a t e   d S ( t i )   g i v e s   t h e   e q u a t i o n  

+ - [dS ( t l )  + dS(t3)  + dS (t5) + dS( t7 ) ]  kl 
4 

+ [ d Y 1  (t2) + d Y 1  (t6) ] 
2 

S u b s t i t u t i o n   f o r   t h e   d i f f e r e n t i a l s  from equations  (12)  gives 

S imi l a r ly ,  i t  can  be shown t h a t  

The b i a s   t e rms   i n   t hese   equa t ions  are t h e  same as f o r   t y p e s  2 and 4 so t h a t  
bn i s  given by equation  (c23).  Using d$1 ( t4 )  and d$2 ( t 4 )   i n   e q u a t i o n  (C20) 
g ives  

P o s i t i o n   E r r o r s   f o r  Extended  Schedules 

I t  was poin ted   ou t  ear l ie r  in   the   computa t ion   of   ins t rument   e r rors   tha t  
t h e   a c c e l e r a t i o n  terms from  Gibb's  method may be   neg lec t ed   t o   g ive  a formula 
of   the  form 

t 3  dT(t1) - t l  dE(t3) 
t 3  - t l  

d r ( t 2 )  = 

from  which 

If  w e  assume t h a t  t 3  = - t l  = A t  then 
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I dS(t2)  

By d e f i n i t i o n  

and ii and d; are 

- 
r = r u  

d r  = d r  6 + r d; 
or thogonal .   Therefore  we can write 

l 2  

and 

If  t h e  change i n   t r u e  anomaly  between t l  and t 3  i s  small, t hen   t he  
approximations may be made t h a t  

i i ( t1)  * i i ( t3)  = 1 

; ( t l )   d i ( t 3 )  = G(t3) * dG(t1) = O 

r ( t l )  = r ( t 2 )  = r ( t 3 )  = r 

Then equat ion (C47) r educes   t o  

dE( t l )  - d r ( t 3 )  = d r ( t l ) d r ( t 3 )  + r2 d i ( t l )  * d i ( t 3 )  (C48) 

where t h e  f i r s t  term on the   r i gh t -hand   s ide  comes from t h e   r a d i a l  components 
and the  second from t h e  normal  components. 

Equations (C46) and (C48) can  be  used t o   s e p a r a t e   e q u a t i o n  (C45) i n t o  i t s  
r a d i a l  and  normal  components t o   g i v e  

and 

r 2 [ l d i i ( t 1 ) I 2  + 2dii(t1) . dii(t3) + Idii(t3) 1 2 ]  
r2 jd i i ( t2)  l 2  = ~ 4 (C50) 
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me terms r21dS(t1)l2  and  r21du(t3)I2  can  be  found  by  substi tuting  the 
proper  time arguments   in to   equat ion  (C20) , and i f  equat ions (C16) , (C17),  and 
(C18) are used  with  the  proper  time arguments, 

n 

Since   b i a ses  are cons t an t s ,  i t  can  be  seen  from  equation (C49) t h a t  br i s  
t h e  same as f o r  a s i n g l e  measurement  of S and,  hence, i s  given by  (C9). 
Likewise,  examination of  equat ion (C36) shows t h a t   t h e   b i a s e s   i n   d $ i  are not  
a f f e c t e d  by i n t e r p o l a t i o n  so t h a t  bn i s  given by  (C23). We can  evaluate  
O r  and an f o r   t y p e s  4 and 5 with  the  extended  schedule  by s e t t i n g   t h e  measure- 
ment b i a s e s   t o   z e r o  and tak ing   expec ted   va lues   in   equa t ions  (C49) and  (C51). 

Type 4 Measurements 

The extended  schedule f o r  t h i s   t y p e   o f  measurement i s  

~- . 

Time  
- ~ _  . 

Angles  measured 
Angle  computed 

.. "~ 

I n   t h i s   c a s e   i n t e r p o l a t e   t o   g e t  $1 ( t2 )  , and  use it with $1 ( t2 )   and   S ( t2 )   t o  
compute ? ( t 2 ) .  Then i n t e r p o l a t e   t o   g e t   $ 2 ( t 4 )   f o r   u s e   i n  computing r ( t 4 ) .  
The assumptions made i n   d e r i v i n g   e q u a t i o n s  (C49) and (C51) r e q u i r e   t h a t  
t4 = -t2 = A t / 2  and t5  = t l  = 3At/2. 

S u b s t i t u t i n g   t h e   a p p r o p r i a t e  time arguments i n to   equa t ion  (C49) g ives  

and s ince   S ( t2 )   and   S ( t4 )  are measured d i r e c t l y   t h e  random  components are 
independent  and 
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Ur = UsT (C52) 

If we omi t   the   b iases   and  assume the   va lues   o f  t i  given  above,  then 

d+l  ( tg) = [6s(t1) + 2 -6s-(F4)](kl + c t n  $1 c t n  S )  

-6s ( t 2 ) c t n  $1 c t n  S + [61 ( f l )  + " l ( t 4 ) ]  
2 

d$2(t2) = 62( t2)  + k26.5 ( t 2 )  

d$1 ( t4 )  = 61 ( t4)  + k16, ( t 4 )  

d+2(t4)  = [a,(t2) -k 2 6s ( t5)  ] (k2 + c t n  $2 c t n  S )  

-6 , ( t4)c tn  $2 c t n  S + [ 6 1 ( t2 )  + 6 1 (t5)] 2 

When t h e s e   d i f f e r e n t i a l s   a r e   s u b s t i t u t e d   i n t o  (C51) we can show t h a t  

r ( SO 2 + - [ ( r2  - 1) (3  ctn2 $1 + 3 c tn2  $2 an = O s 2  
2 s i n  B y 2 

+ 4 c t n  $1 c t n  $2 cos B) + (4kl + 6k2 cos  B)ctn $1 

Type 5 Measurements 

The ex tended   s chedu le   fo r   t h i s   t ype   o f  measurement is:  

This   schedule  i s  t h e  same as f o r   t y p e  4 e x c e p t   t h a t   i n   o r d e r   t o  compute $i 
associated  with  each  measured y i  we must i n t e r p o l a t e  S using  the  measured 
values  a t  ad jacent  times. Then fo l lowing   the   p rocedure   used   for   type   four  we 
compute r ( t 4 )  and   ? ( t , )   and   t hen   i n t e rpo la t e   t o   ge t   $ ( t5 ) .  
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S u b s t i t u t i n g   t h e   a p p r o p r i a t e  time arguments   in to  (C49) gives  

and  taking  account of 1 i n e a r . i n t e r p o l a t i o n  

Assuming t h e   b i a s e s   t o   b e   z e r o  and tak ing   the   expec ted   va lue   g ives  

S imi l a r ly ,  by  making the   p rope r   subs t i t u t ions   i n to   equa t ion  (C51) we can show 
t h a t  

- 15klk2 COS B + 20 I,’, 
VELOCITY ERRORS 

The e r r o r s   i n   v e l o c i t y   a r e   d e t e r m i n e d   b y   d i f f e r e n t i a t i n g   e q u a t i o n   ( 1 0 ) .  
I t  was shown e a r l i e r   i n   t h i s   a p p e n d i x   t h a t ,   f o r   t h e   p u r p o s e   o f  computing t h e  
p o s i t i o n  and v e l o c i t y   e r r o r s  due t o  measurement e r r o r s ,   t h e   a c c e l e r a t i o n  terms 
i n   e q u a t i o n  (10) may be  omit ted.  The r e s u l t i n g   e q u a t i o n  i s  of  the  form 

dT(t3) - dE(t1)  
t 3  - t l  

dG2 = 

S i n c e   t h e   b i a s   e r r o r s  are cons t an t s ,  it can  be  seen  from (C56) t h a t   t h e r e  
are no e r r o r s   i n   v e l o c i t y  due t o  measurement b i a ses .   The re fo re  we w i l l  com- 
pu te   t he  random e r r o r s   i n   v e l o c i t y   u n d e r   t h e   a s s u m p t i o n   t h a t   t h e   b i a s e s  are 
zero.  Hence , 
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If ? ( t l )  and ? ( t g )  are determined  from two independent sets of  measurements, 
which i s  t h e  case except  when the  extended  schedules  are used ,   the  random 
components  of d ? ( t l )  and dE(tg)  are independent,   and  the  expected  value  of 
t he   do t   p roduc t  i s  zero.  

From equation  (13) 

I d ? ( t i )  I = d r 2   ( t i )  + r2 ( t i )   [ d U 1 2 ( t i )  + d ~ 2 ~  ( t i )  + d ~ 3 ~ ( t i ) ]  

s o  t h a t   s u b s t i t u t i o n  from  (14),  assuming  br = bn = 0 i n t o  (C57) gives  

I f  A t  i s  def ined  by 

t 3  - t l  = 2At 

then I 

S i m i l a r l y ,  i f  t h e   a c c e l e r a t i o n  terms are neg lec t ed ,  

dF(t2)  = 
tgdF( t1)  - t l d E ( t 3 )  

A t  
- 

and 

There fo re ,   fo r  two independent sets of  measurements  and  assuming  br = bn = 0 

From equat ions (C58) and (C60) 

The q u a n t i t y   ( t 1 2  + t 3 2 )   v a r i e s  from a maximum of  4At2 f o r   i n t e r p o l a t i o n   t o  
one  of t he   ends   o f   t he   i n t e rva l ,  where t l  = t 2  = 0 o r  t g  = t 2  = 0,  t o  a 
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minimum of  2 A t 2  i f  t 3  = -t l  = A t .  T h e r e f o r e ,   f o r   i n t e r p o l a t i o n   t o   t h e   c e n t e r  
o f   t h e   i n t e r v a l  

While f o r   i n t e r p o l a t i o n   t o   t h e   e n d s   o f   t h e   i n t e r v a l   t h e   r a t i o  i s  reduced  by 
fi. Note t h a t   t h i s  change i s  caused  by  an  increase  in   the  s tandard  deviat ion 
of t h e   p o s i t i o n   e r r o r   w h i l e   t h a t   o f   t h e   v e l o c i t y   r e m a i n s   t h e  same. 

For  the  extended  schedules assume t h a t  t 3  = - t l  = A t  s o  t h a t  
equat ion (C59) r educes   t o  (C45) , while  (C57) i s  t h e  same e x c e p t   t h a t   t h e   s i g n  
of the   do t   p roduc t  i s  reversed .  Making t h i s   s i g n  change i n   t h e   d e r i v a t i o n s  
f o r   t h e   s t a n d a r d   d e v i a t i o n s   o f   t h e   p o s i t i o n   e r r o r   g i v e s  for type  4 measurements 

+ (4k2 - 6k1  cos  B)ctn $2 + 101 
r 2  

For  type 5 measurements 

- c t n  q l  c t n  q2 cos B) - 5- (k l   c tn  $2 + k2 c tn   $ l ) cos  B 

+ 15klk2 COS B + 201 I 1'2 

where or1 and a,' a r e   t h e   s t a n d a r d   d e v i a t i o n s   o f   r a d i a l  and  normal e r r o r s   i n  
velocity.   Numerlcal  evaluation  over  the  range  of  measured  angles  considered 
i n d i c a t e s   t h a t  i f  t 3  = - t l  = A t  then  equat ion (C62) holds  for the   ex tended  
schedule   wi th in  a f a c t o r   o f  2. 
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APPENDIX D 

EQUATIONS FOR ANALYSIS OF ERRORS DUE TO LINEAR INTERPOLATION 

The purpose   o f   th i s   appendix  i s  t o  compare the   magni tude   o f   pos i t ion  
e r r o r s   a r i s i n g  from t h e   l i n e a r   i n t e r p o l a t i o n   o f   t h e   r a n g e  r o r  a s t a r - l imb  
angle  y w i t h   t h e   e r r o r s  due t o  measurement   inaccuracy.   Since  the  interpola-  
t i o n   e r r o r s  are a func t ion  of t h e   s p a c e c r a f t   t r a j e c t o r y ,   t h e  s t a t e  o f  t h e  
v e h i c l e  must be  accounted  for.   This  has  been  done by f i n d i n g   t h e  minimum 
value  of  r f o r  which t h e  maximum i n t e r p o l a t i o n   e r r o r s  are l e s s   t h a n  some 
f r a c t i o n ,  M, o f  those  due  to  measurement  inaccuracy. An e x p r e s s i o n   f o r   t h e  
e r r o r  was found i n  terms o f   t h e   g r a v i t a t i o n a l   c o n s t a n t  LI, t h e   t r u e  anomaly 
0 ,  t h e   o r b i t a l   e c c e n t r i c i t y  e ,  the   range  r ,  and A t  which i s  h a l f   t h e  
i n t e r p o l a t i o n   i n t e r v a l .  The l a r g e s t   v a l u e  of  LI, i n   ( p l a n e t   r a d i i )  3/sec2, of 
t he   ma jo r   bod ie s   i n   t he   so l a r   sys t em was used, and 8 was chosen t o  maximize 
the   e r ro r .   Th i s   cho ice   o f  0 was made i n   o r d e r   t o   s i m p l i f y   t h e   c a l c u l a t i o n s .  
The minimum value   o f  r was then   found   fo r   va r ious   va lues   o f   eccen t r i c i ty  and 
A t .  

The e r r o r s   i n   r a n g e ,  which  can  be  evaluated  direct ly   f rom a Taylor  series 
expansion o f  r, are cons ide red   i n   t he  f i r s t  s e c t i o n .  Errors due t o   l i n e a r  
i n t e r p o l a t i o n   o f  y a r e   d e a l t   w i t h   i n   t h e   s e c o n d   s e c t i o n  by  an i n d i r e c t  
method because  the  Taylor  series expansion  of y conta ins  a s i n g u l a r i t y .  

I n t e r p o l a t i o n   o f  Range 

I f  r ( t )  i s  known a t  t imes t l  and t 3 ,  an appropr i a t e   va lue ,   ? ( t2 ) ,   c an  
be   ob ta ined   fo r   r ( t 2 )   unde r   t he   a s sumpt ion   t ha t  r i s  a l i n e a r   f u n c t i o n  o f  
t ime. Then 

and i f  t 2  = 0 

Since r i s  not  a l i nea r   func t ion   o f  time, we c a n   e s t i m a t e   t h e   e r r o r   i n  
? ( t 2 )  by  expanding r i n  a Tay lo r   s e r i e s   abou t  t2.  This   g ives  

t 1 2  

t 3 2  
2 3 :  r ( t 2 )  + . . . 

3 
r ( t 1 )  = r ( t 2 )  + t l + ( t 2 )  + - 2 '  3 t 2 )  + - t1  3 :  Y(t2)  + . . . 

3 
r ( t 3 )  = r ( t 2 )  + tgE( t2)  + F( t2 )  + - t 3 ... 
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S u b s t i t u t i n g  (D2) i n t o  (Dl)  gives 

o r ,  dropping  the time argument, 

This  i s  t h e   e r r o r   i n   i n t e r p o l a t i n g   w i t h  a f i r s t -o rde r   fo rmula  as compared with 
a third-order   formula  such as those   der ived  by  Gibb's  method. I t  should  give 
a good i n d i c a t i o n   o f   t h e   t o t a l   e r r o r  when ( t 3  - t l )  i s  small. Note t h a t  i f  
t2  l ies  a t  t l  o r  t3  o r   h a l f  way between t l  and t 3  ( - t l  = t 3  = A t ) ,   t h e  
third-order   term  disappears .   Define Ar2 and A r 3  as t h e  maximum values   of  
the  second-  and  third-order terms, r e s p e c t i v e l y ,   i n   e q u a t i o n  (D3) and de te r -  
mine t h e  minimum value  of r f o r  which lAr2 I < Mor. I n   t h i s   c a s e  o r  i s  t h e  
s t a n d a r d   d e v i a t i o n   o f   p o s i t i o n   e r r o r  due t o  a single  subtense  angle  measure- 
ment of   10   a rc   seconds   s tandard   devia t ion .  Next f i n d   t h e  minimum value  of  r 
f o r  which I Ar3  l m a x  i s  n e g l i g i b l e  compared t o  I A r 2  l m a x  and  hence  compared t o  
t h e  measurement e r r o r .  I f  t h i s  l a t t e r  condi t ion  i s  t rue ,   t hen   t he   s econd-  
order   term i s  a v a l i d   r e p r e s e n t a t i o n   o f   t h e   t o t a l   i n t e r p o l a t i o n   e r r o r .  I f  t h e  
t r a j e c t o r y  i s  assumed conic  

h2 r =  p(1  + e cos 0 )  

r =  . p e  s i n  8 
h 

.. . 2p2e2 s i n  0 cos 0 peh s i n  8 r = -  
h r  1-4 

o r   s u b s t i t u t i n g   f o r  r in   t he   s econd   t e rm from (D4) 

... p2e s i n  0 r =  - (3e  cos 0 + 1)  
h r  

where e i s  t h e   o r b i t a l   e c c e n t r i c i t y ,  0 i s  t h e   t r u e  anomaly  and h i s  t h e  
angular  momentum. 

From equat ions  (D3) and (D6) the   second-order   e r ror  i s  
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and t l t 3  i s  maximum f o r  tl = t 3  = A t  SO t h a t  

The s tandard   devia t ion   of   the  random e r r o r   i n   d e t e r m i n i n g   r a n g e  from a s i n g l e  
subtense  angle  measurement i s  or= where o i s  the   s t anda rd   dev ia t ion  
of t he   i n s t rumen t   e r ro r .   Fo r   t he   r a t io   o f   t he  maximum of IAr2 I t o   t h i s  
quan t i ty   t o   be   l e s s   t han  or e q u a l   t o  some number, M r equ i r e s  

The minimum values  of r from equat ion (D9) a r e   p l o t t e d   i n   f i g u r e  1 7  f o r  
M = 0.1   and   10   a rc   seconds ,   and   a re   d i scussed   in   the   sec t ion  on r e s u l t s   i n   t h e  
t e x t  . 

From equat ions (D3) and (D7) 

Since h = & r p ( l  + e )  and p l a n e t   r a d i i   a r e   t h e   u n i t s   o f   l e n g t h  

and s i n c e  

s in   8 (3e   cos  8 + 1) = - e s i n  28 + s i n  e 

s i n   e ( 3 e  cos e + 1)  < 

3 
2 

3e + 2 
2 

Therefore   subs t i tu t ing   f rom  equat ions  (D11) and (D12) i n t o  (D10) gives  

If the   in te rva l   be tween t l  
t l  = -At(1 f 1/6)  s o  t h a t  

and t3 is 2At  t h e n   I t l t 3 ( t l  + t3) 1 i s  maximum i f  
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t hen  

I A r 3 1  <--- A t 3  l ~ ~ ' ~  e(3e  + 2)  
947  r 3  2 n  

Dividing  equat ion (D14) by (D8) g i v e s   t h e   r a t i o   o f   t h e  maximum va lue   o f  l A r 3  1 
t o   t h e  maximum value  of lAr2  I as 

lAr3 lmax 2 6  3e + 2 A t  
( n r 2 ( = -  max 9& G' 

The th i rd -o rde r  term can be  consid-  
e r e d   n e g l i g i b l e  i f  t h i s   r a t i o  does 
not  exceed  0.1,   which  requires 

- 2  

I 
0 I 2 3 4 5 The minimum values   o f  r f o r   v a r i o u s  

A t ,  mln values   of  e and A t ,  us ing  1-1 f o r  
t h e   E a r t h ,   a r e   p l o t t e d   i n   f i g u r e   1 9 .  
A l l  these   va lues   a re   cons iderably  
smaller than  the  corresponding  ones 

Figure 19.- Minimum  radius for neglecting third-order  term f o r  I AT2 I < Mar , t h u s   i n d i c a t i n g   t h a t  
in  analyzing  error  due to linear  interpolation of radius. the   second-order   error   term i s  a 

va l id   app rox ima t ion   fo r   t he   t o t a l  
i n t e r p o l a t i o n   e r r o r .  

Linear  Interpolation  of  Star-Limb  Angles 

I n   t h i s   s e c t i o n   o f   t h e   a p p e n d i x  sets of   equat ions similar t o  (D14) and 
(D15) are d e r i v e d   f o r   t h e   c a s e   w h e r e   l i n e a r   i n t e r p o l a t i o n  i s  used  with a star-  
l imb  aEgle  instead of r. For   th i s   purpose  it i s  convenient   to   dea l   wi th   the  
s t a r - c e n t e r   a n g l e  $ a t  f irst .  The e r r o r   i n   p o s i t i o n  due t o  e r r o r s  i n  $1 
and $2 i s  normal t o   t h e   r a d i u s   v e c t o r  and  can  be shown from equat ion (C20) t o  
be 

For   s imp l i c i ty   i n t e rpo la t ion  w i l l  be  assumed for   on ly   one   angle  ($1 o r  $2) a t  
a time and A@ will b e   t h e   i n t e r p o l a t i o n   e r r o r .  Then 
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Since   ac tua l ly  y i n s t e a d  of  $ i s  i n t e r p o l a t e d ,   t h e   " i n t e r p o l a t e d "   v a l u e  $ 
of  J , ( t2 )   can   be   wr i t ten  

Equation (D17) can   be   wr i t ten  

= $ - kS + kS ( t2)  

where 

and 

I t  can  be  seen  that  $ and 5 are the   va lues  of J ,( t2) and S( t2)   ob ta ined  by 
l i n e a r   i n t e r p o l a t i o n  and 

i s  t h e   d i f f e r e n c e   o f   t h e   e r r o r s   i n   i n t e r p o l a t i n g  J, and S .  Furthermore, 
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The second term can   be   eva lua ted   d i r ec t ly  by  means of  a Taylor  series 
expansion,   but   the  first term requi res   an   ind i rec t   approach .   For   th i s   purpose ,  
def ine  IJ with   d i f fe ren t   geometr ic   equa t ions   f rom  those   used   in   the   t ex t  as 
i l l u s t r a t e d  by ske tch   [e ) .  The X-Y p l ane  i s  t h e   o r b i t a l   p l a n e  of t h e  

2 

Sketch  (e) 

spacec ra f t   w i th   t he   o r ig in  a t  t h e   c e n t e r   o f   t h e   p l a n e t  and X a x i s  a t  p e r i -  
a p s i s .  The s t a r - spacec ra f t   ang le  i s  t h e  compliment   of   the   s tar-center   angle ,  
$, d e f i n e d   i n   t h e   t e x t ,  and the   e l eva t ion   ang le   o f   t he  s tar  above t h e   o r b i t a l  
p lane  i s  def ined as (180° - Q 0 ) .  Note t h a t  $o i s  t h e  minimum v a l u e   a t t a i n e d  
by $ during a comple te   o rb i t .  The angle  0 i s  t h e   t r u e  anomaly o f   t h e  
spacec ra f t ,   wh i l e  A 0  i s  t h e  change i n   t r u e  anomaly  from t h e   s p a c e c r a f t ' s  
p o s i t i o n   t o   t h e   p r o j e c t i o n   o f   t h e  s tar  on t h e   o r b i t a l   p l a n e .  

For spher ica l   t r igonometry  

which  can  be  reduced t o  

cos $ = COS COS A0 

we can write 
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s o  t h a t  i f  t h e  time i n t e r v a l  i s  small enough f o r  6 t o  be  assumed cons t an t ,  
then  A0 can  be  used as the   independent   var iab le   ins tead   of  time. The mini- 
m u m  value  of  r f o r  which th i s   approximat ion  i s  v a l i d  i s  found  by  expanding 
A0 i n  a Taylor  series t o   g i v e  

A t 2 g 0  
2.  A0 = A00 + Ateo + 7 + . . . 

and requi r ing   tha t   the   second-order   t e rm  be  less than   10   percent   o f   the  first 
order .  

If t h e   t r a j e c t o r y  i s  assumed conic  

t h e n   s e t t i n g  rp equal   to   one   p lane t   rad ius   and   [ s in  0 I t o   u n i t y   g i v e s  

The minimum value   o f  r f o r   t h i s   r a t i o   t o   b e  less than  one  tenth i s  given by 

r 2  1 0 6  eAt 

J i e  

e.10.0 t h e   r e s u l t i n g   v a l u e   o f  rmin i s  
IO - p l o t t e d   i n   f i g u r e  20 f o r   v a r i o u s  

va lues   o f  r and e using a 
g e o c e n t r i c   o r b i t .  

- 

- 

- 
.- .- If  r i s  assumed t o   b e   g r e a t e r  
F -  than  t h e  minimum v a l u e s   i n   f i g u r e  20 ,  
: 5 -  then A0 can  be  used as the  indepen-  

U 

e 

- 
Q 

E 
L 

e = 2 0  d e n t   v a r i a b l e   f o r   i n t e r p o l a t i n g  $. 

e.10 it i s  i m p r a c t i c a l   t o   u s e  a Taylor  
Since d$/dAO i s  s i n g u l a r   f o r  $ = 0,  

s e r i e s ,  and we make f u r t h e r   s i m p l i f i -  
c a t i o n s  by cons ide r ing   t he   p lo t  

1 ~~ L I-.! (obtained  from  eq. (D19)) of $ as a 
0 I 2 3 4 5 

A t ,  min 

Figure 20.- Minimum  radius  for  assuming 6 Constant. 
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function  of  AB,  shown  in  figure  21.  It  can  be  seen  from  the  two  examples of 
linear  interpolation  in  this  figure  that  the  maximum  interpolation e r r o r  
occurs  when  the  epoch  t2  is  at  the  center  of  the  time  interval  and 
AB(t2) = 0.  Under  these  conditions $(t2) = $o, -Ae(tl) = Ae(t3) = Ae, 

Jr, degrees 

90 Jb = 9 0 0  

I 

of 9 from 
interpolation 

7 2 6 p 7 7 7  -- ~ - -Correct  values of Jr 

A& 

Figure 21 .- Variation of 9 with A0 and Go,  with  two  examples of linear  interpolation. 

) = $(t3) and t3 = -tl = At.  Therefore  from  equation  (D19) 

cos $ = cos Jl0 cos A6 

and  since 

then 

cos $(t2) = cos Q0 

cos 5, - COS $ (t2) = -COS $o (1 - COS Ae) 

and  from  trigonometry 

- ( G  +2$o) sin (iJ -Z") 
cos $ - cos $o = -2 sin 

From  equation  (D19) $ 2 $o for A0 < 90' so that 
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Therefore,   combining  equations (D22) and (D23) gives  

2 s i n  ( ?J - " ) < c t n  +o(l - cos A e )  

o r  

For t h e  fastest o rb i t   cons ide red  (u = 1 . 5 4 ~ 1 0 - ~ ,  rp = 1 and e = 10) it 
can  be shown t h a t   t h e   c h a n g e   i n   t r u e  anomaly  from p e r i g e e   i n  5 minutes i s  
about   0 .89  radian.   Since A8/2 < 0.445  radian,  i t  i s  r e a s o n a b l e   t o  make t h e  
approximat ion   tha t  

and  from f i g u r e  2 1  

then  

these  approximations  reduce  equat ion (D24) t o  

and i f  r i s  less than   t he   appropr i a t e  minimum value  from  figure  19 

We can  replace b 2  with   h2 / r4   and   e l imina te  h by using  equat ion (D4) t o  
g e t  

b 2  - p(1  + e cos e )  - 
r 3  
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s o   t h a t  

p (1 + e)At2 c t n  +o 

r 3  
16 - w 2 1 1  ~ 

Now cons ider   the   second term i n   e q u a t i o n  (D18), 1; - S ( t2)  I .  By 
d e f i n i t i o n  

and we can  expand S ( t l )  and. S ( t 3 )   i n  a Taylor  series about t 2  t o   g i v e  

." t l t 3  t l t 3 ( t l  + t 3 )  ... s - S ( t 2 )  = - 2 S ( t 2 )  + 6 S ( t 2 )  + . . . 

I t  was shown i n   t h e   s e c t i o n  on t h e   l i n e a r   i n t e r p o l a t i o n  of r t h a t  

and 

t l t 3  <- A t 2  
2 2 

s o   t h a t  

We wish to   be   ab le   t o   app rox ima te  1s - S ( t2 )  I by the  second-order  term  and 
t h e r e f o r e   f i n d   t h e  minimum value  of  r f o r  which t h e  maximum magnitude of t h e  
th i rd -o rde r  term does  not  exceed 10 percent   of   the   second-order   one.  By 
d e f i n i t i o n  

s i n  S = l /r  

where the  equation  has  been  normalized by u s i n g   p l a n e t   r a d i i  as u n i t s  of 
l eng th .   D i f f e ren t i a t ion   g ives  

S = - 2  s i n  S t a n  S 

s = -: s i n  s t a n  s - it s i n  ~ ( 1  + sec2 S> 
.. 
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o r ,   s u b s t i t u t i n g   f o r  5 

.. 
s = -; s i n  s t a n  s + $2 s i n 2  s t a n  ~ ( 1  + sec2 S >  

D i f f e r e n t i a t i n g   a n d   s u b s t i t u t i n g   f o r  S g ives  

Subs t i t u t ion   o f   t he   de r iva t ives   o f  r from  equations ( D 5 )  , (D6) , and (D7) 
gives  

... 
S = s i n  S t a n  S ~ ~~ (3e  cos 0 + 1) 

and s u b s t i t u t i o n   f o r   s i n  B and t a n  S u s i n g   t h e   d e f i n i t i o n   o f   s i n  S g ives  

S u b s t i t u t i n g  from (D4) f o r  r i n s i d e   t h e   b r a c k e t  and  from (D12) f o r  h g ives  

+e2 cos2 0 ( 6  + 3 sec' S)  - e2 s i n 2  0 (2 + sec2 S + 3 sec4  S )  1 0 2 7 )  

S u b s t i t u t i o n   f o r  r, s i n  S ,  t a n  S, and h i n   t h e   e x p r e s s i o n   f o r  S gives  
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I S 1  G w I e (1 + sec2 S )  - e (2 + sec2 S)cos2 0 - cos 0 I (D28) 
(1 + e ) r Z G  

We can r e w r i t e  (D27) and (D28) as 

and 

where F and G are def ined  as t h e  maximum magnitudes  of   the  terms  in   the 
abso lu te   va lue   s igns .   In   o rde r   fo r   t he  maximum magnitude of t h e   t h i r d - o r d e r  
term i n   e q u a t i o n  (D26) t o   b e   l e s s   t h a n  1 0  pe rcen t  of  t h a t  of the  second-order  
term 

40 I . I ” ~  F r > -  
9 6  Jl+e 

- A t  

The values   of  F and G depend on 8 and sec2  S as we l l  as e ,  and success ive  
approximations  were  used t o   f i n d   t h e i r   v a l u e s   f o r   v a r i o u s   v a l u e s   o f  e and A t .  

l o  r 

1 I I I I I 
0 I 2 3 4 5 

A t ,  mln 

The r e su l t i ng   va lues   o f  rmin a r e  
p l o t t e d   i n   f i g u r e  2 2  f o r   g e o c e n t r i c  
o r b i t s  as func t ions   o f  A t  f o r  
v a r i o u s   v a l u e s   o f   e .   I f  r i s  
l a rge r   t han   t hese   va lues  and t h o s e   i n  
f i g u r e  20, equat ions  (D25), ( C 2 6 ) ,  
and (D30) combine t o   g i v e  

Figure 22.- Minimum  radius for  neglecting  third-order  term 
in  analyzing  error due to linear  interpolation of 
subtense angle. 
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This  expression  can  be  used  with (D16) t o  show t h a t   t h e   u p p e r  bound on t h e  
p o s i t i o n   e r r o r  % due t o   t h e   i n t e r p o l a t i o n  of y i s  given  by 

T h i s   e r r o r  i s  compared with 4ar2 + an2 f o r  type  5 s i n c e  i t  has  been 
found  (see  the  sect ion on r e s u l t s   i n   t h e   t e x t )   t h a t   t h i s   q u a n t i t y  i s  u s u a l l y  
s m a l l e r   f o r   t y p e  5 than   fo r   t ype   4 .  From equat ions  (C42) and (C43) 

k 2 m  c t n  $1 + k1k2 
+ . . .. 

2 cos B + 3 ] ]  4 

Note t h a t  it has  been assumed t h a t  ay = OS = o and t h a t  i f  $2 i s  i n t e r -  
p o l a t e d   i n s t e a d   o f  $1, it  would rep lace  $1 i n   t h e   e q u a t i o n  and k l  and k 2  
would be  interchanged.   From.this   equat ion it i s  seen   tha t   d ropping   the   sub-  
s c r i p t  on $, t h a t  

This   expression i s  o f   t h e  form 

and  from equat ion (D32) 

[ ? I 2  Z r2(D12  ctn2 $ + 2D1D3 c t n  $ + D32) 

Therefore i f  t h e  maximum i n t e r p o l a t i o n   e r r o r  i s  t o   b e  less than 
M t imes  the maximum of  

D 1  MoCl 

~ 1 ~ 3  < M ~ C T ~ C ~  

D3 Mac3 
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S u b s t i t u t i n g   f o r   t h e  D i  and C i  g ives  

I t  can  be shown t h a t  i f  t h e  f irst  condi t ion  i s  s a t i s f i e d ,   t h e   s e c o n d  w i l l  a l s o  
be,   and  only  the f i r s t  and l a s t  condi t ions  w i l l  be   considered.  

The minimum values   o f  r ,  using p f o r   t h e   E a r t h  and  10 a r c   s e c o n d s   f o r  
0 ,  f o r   t h e  two condi t ions  were computed f o r   e a c h   c a s e   a n d   t h e   l a r g e s t   t a k e n   a s  
rmin.  These  values  of rmin a r e   p l o t t e d   i n   f i g u r e  18 f o r  two d i f f e r e n t  
v a l u e s   o f   s i n  B .  The va lue   o f  rmin  from equat ion (D35) goes t o   z e r o   w i t h  
e so t h a t   f o r   t h e  smaller va lues   o f  e t h e   v a l u e   o f  rlnin  from (D33) i s  t h e  
larger   and  the  curves   do  not   change  with  s in  B .  For   the   l a rger   va lues   o f  e 
t h e   e r r o r s   i n c r e a s e   r a p i d l y   a s   s i n  B decreases ,   and   for   very   smal l   va lues   o f  
s i n  B t h e   i n t e r p o l a t i o n   e r r o r  would  become v e r y   l a r g e  compared to   the   measure-  
ment e r r o r .  However, t h e  measurement e r r o r  i s  a l s o   l a r g e   i n   t h i s   r e g i o n   a n d  
such  measurements  would  be  avoided. 

Note t h a t   t h e   v a l u e s   o f  rmin i n   f i g u r e   1 8   a r e   a l w a y s   g r e a t e r   t h a n   t h e  
co r re spond ing   va lues   i n   f i gu res  20 and 2 2 ,  so  t ha t   t he   s econd-o rde r  terms Tused 
in   ob ta in ing   t he   cu rves  o f  f i g u r e  18 a re   va l id   measu res   o f   t he   e r ro r .  The 
cu rves   i n   f i gu re  18 a r e   d i s c u s s e d   f u r t h e r   i n   t h e  t e x t .  
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